Math 361

t-distribution — Inv. 2.5



Group work: Inv. 2.5 (a)-(c)

What 15 a bealthy bedy temperatmre” Eesearchers have crted problems with Carl Wunderlich's “axioms
on climcal thermometry™ and clamed ihat the raditional valoe of 08.6°F 15 out of date (Mackowiak,
Waszerman & Levine Journal gf the American Medical Astociation, 1991). Body temperabares (oral
temperatures using a digital thermometer) wers recorded for healthy men and women, aged 18-30 vears,
who were voluntesrs in Shizella vaccine mals af the Umversity of Maryland Center for Vaccine
Drevelopment, Baliimore For these adults, the mean body temperatare was found to be 95 240<F with a
standard deviation of 0.733°F.

(a) Explain (in werds, in context) what is meant by the following symbols as applied to this study: n, X
. 5. @, o. If vou koow a value, repart 1t. Crhersnse, define the symb<al.

n= S&(VY\?‘Z/%(J%@ X = OL%Q/%O\ r= O,/zq?fl’

= VAN ped, o= SD bodw Yum s
o vl anis g1} Vet ﬂmﬁ%



() Write a mull hypothesis and an alternative hypathesis for testng Winderhich s axiom using
appropnate symbols.

= M= 9%.6 = MNF 490

(€] Suppose the axiom & comect and many differsnt random samples of 13 adults are taken from a larze
nurm v distnbated populanon with mean 08 8°F. What does the Central Limit Theorem fell voa about
fical distnbupon of sample means? (Indicate El[l‘f]lEEEE:-.:'lI'f mformation that 15 missmg. )
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Inv. 2.5: What’s a Normal Body Temperature?

Research Question: Is Wunderlich’s axiom (98.6 °F) correct?.

Parameter of Interest: Let u be the mean body temperature of healthy adults

Test: H,: 1= 98.6 vs. H_: i # 98.6

Data: have X =98.249, s=0.733 for n=13 healthy adults
Can we use the CLT to draw the null distribution of the sample mean?



CLT for sample means

If the population is normally distributed
or
the sample size large enough (n>30),

then
the distribution of sample means is approximately normal with
Mean = 1
SD =o0/Vn

where U is the population mean and o is the population SD



Apply the CLT to body temperatures, assuming
Wunderlich is correct, and Hy: |1 = 98.6

If the population is normally distributed

then
the distribution of sample means is approximately normal with
Mean =1 = 98.6
SD =o/Vn=7?/V13

Problem: we don’t know what the standard deviation of the population
body temperature is



Apply the CLT to body temperatures, assuming
Wunderlich is correct, and Hy: |1 = 98.6

If the population is normally distributed

then
the distribution of sample means is approximately normal with
Mean =1 = 98.6
SD =s/V13=0.203

Solution? Try using s=0.733, the standard deviation from the sample of
n=13 volunteers (inv. 2.5 (d))



Definition: Standard Error

Standard Error (SE) = standard deviation of a statistic

Example: one statistic we’ve seen before is the sample proportion, p.

By CLT for sample proportions, its SE is |24=P)

n

Example: another statistic is the sample mean, x.
By CLT for sample means, its SE is o/4/n



Is our sample consistent with Wunderlich’s axiom?

Draw the distribution of sample means assuming H,: p=98.6is true...
Mean = 98.6
AN

SD = 0.209/ \
/ \
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Is our sample consistent with Wunderlich’s axiom?

Draw the distribution of sample means assuming H,: L =98.6 is true
and check to see if our sample mean is unusual.

Our sample mean of 98.249

IS
Recall the Empirical Rule says

95% of normally distributed
data is within 2 SDs of the mean

(98.249-98.6)/0.209
=-1.67 SDs below the mean

This is within 2 SDs of the
mean and so is NOT unusual
if the distribution is normal

\"‘-=—

a97.8 98 982 984 928 958 99 992 994
Body Temperatures
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Is our sample consistent with Wunderlich’s axiom?

Draw the distribution of sample means assuming H,: L =98.6 is true
and check to see if our sample mean is unusual.

Definition: % =98.249

(X—p)
s/vn
measures the number of

sample SDs from the
hypothesized mean

The t-statistic =

a97.8 2 B84 988 988
Body Temperatures
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Inv. 2.5, parts h and i

One Variable with Sampling

Bootstrapping or Population model or Show Sampling Options:
Paste population data or select from list:

Number of samples: 10000

D bodytemp - @Pop 1 Sample size: 13
_ m © Po

2 es 2 [ ormwsamaes | [Resat]

; 5640 OGeftysbwg 10 bodytemp - The sample means are normally

5 98.70 © Pennies iéﬁi 23 40 H . . .

¢ s - Spange 30 9850 distributed as predicted by the
' Variable: 373 J8.80 H —

o 5820 . botyemp - e w0 | CLT with mean = 98.6 and

1

0 98.50 . 1620  98.50 SD = 0733/\/13 =0.203

| Use Data | | Clear | | Top/Bottom |
Population size: 10000
@x1 Ox4 x40

Population data: Most Recent Sample: Statistic{ @ Mean ) Median © f-statistic
=] IMean=08.800 Mean=588.400 o Mean=5Ema3
2 sp=0723 SD =0.539 ® sp=po02

Pop size=10000 - n=12
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Overlay Normal Distribution: [C]



Inv. 2.5, parts j and k

Is the t-statistic normally distributed?

Not exactly, there are more points in
the tails of the distribution of the t-
statistic than we expect if they were
normal.

Statistic: © Mean -:-Median
IMean=0.002

sSO=1.078
Mum samples=10000 Ir"'ﬁl
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= Fixed



Inv. 2.5, parts j and k

If we did assume the t-statistic was normal, then the p-value would be
0.0949, no evidence against Wunderlich’s axiom.

Statistic: © Mean Media

Population data:
g MMean=588.800
2 sp=0.733
Pop size=10000

Count
Q00
1
-

il

24 i 28 100
bodytemp

102

Count

Most Recent Sample:

hean=8&.400
50 =D.599
o n=13
[
=
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98.400
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IMean=0.002
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Sample t-statistics
Scale: T Population @ Rescale © Fixed
Count Samples Beyond v -1.67 Count |

Count = 1194/10000 (0.1194)
Overlay Normal Distribution: [¥
Overlay f Distribution:



Inv. 2.5, part m

Using the t-distribution, the p-value is 0.1208,
simulated value of 0.1194.

Population data:

Sample 6296:
= Mean=28.600 MMean=28.382
D s5p=D.733 sD=0.874
Fop size=10000 o n=13
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much closer to the

Statistic: © Mean

MMean=0.002
S0 =1.078&
Mum samples=10000
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Count = 1194/10000 (0.1194)
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Use the t-distribution to test a population mean when you
don’t know the population SD

One-sample r-test for p: So to test a null hypothesis about a population mean when we don't know
the population standard deviation (pretty much always). Hy: = o, we will use the sample standard

deviation to calculate the standard error SE( X ) and compare the standardized statistic
X — Iy
)

5/

f[:,=

to a f-distribution with n — 1 degrees of freedom. Theoretically, this approximation requires the
population to follow a normal distribution. However, statisticians have found this approximation to
also be reasonable for other population distributions whenever the sample size 15 large. How large the
sample s1ze needs to be depends on how skewed the population distribution 15. Consequently, we will
consider the f procedures valid when either the population distnbution 1s symmetric or the sample size
15 large.



Definition: Test statistic

General Form:

statistic—null value

Test statistic =
standard error

This quantity measures the number of standard errors the statistic is
from the null value.



Practice Problem 2.5B

A stody conducted by Stanford researchers asked children in two elementary schools 1o San Jose, CA to
keep track of how moch television they watch per week. The sample consisted of 198 children The
mean tme spent watching televizion per week in the sample was 15,41 bours with a standard deviation
of 14.16 hours.

(a) Carry ouf a one-sample r~test to determane whether there 15 convincing evidence that averaze amount
of television watching per wesk among San Jose elementary children exceeds fourteen hours per week.
(Feport the bypotheses, test statistic, p-value, and conclusion at the 0.10 lewel of siznificance. )



Additional Practice: Example 2.1 on page 175



Example 2_1- Fashingz On
Try these questions yvoursellmbaiBre you pie the solurions following fo check your Seswers.

Az in many states, CTaliformia mandates physical Simess testing at different grade levels. The
recommendsd pomber of push-ups for 12 vear old males is 1020 and for 135 year old malss is 1X-25. 4
zample of S0 7% zrade males was obtained at a raral high =choel in Central Califormia (W etzel and
Hemander, 2004, Data was gathered nsing the measarement techniguoes defined by the state (The feat
are together, hands will be shoulder widech apart, the subjects back will be sraighe, and their eyves will be
lookins toward the horizon. The amas oeed o bend to a 90-degr=e ansls, while k=eping their back flat
The push-ups are countesd at a set tempo withoot stopping to Test)

A hHistoerram and suammnary statstics of the sample daia are b=lowr:

Frmparey

[T T T B

(a) Crescribe the distributson of the resalts in this sample.

() Sappose we aks mandom samples of S50 males friom a very largs population Accordinge o the
Ceniral Linmit Theorem . what can you say abouat the behavior of ihe sampling distmibaton of ihe sample
means calonlated from these samples™

() If ihds wers a randam sampls from a population, swoold the sample data provide strons evidenos that
the populaiion mvean differs foom 20 pusbh-upsT Comduact a sisnificance test o address ibis quoeston.
Also caloulate confidence intervals 1o estimate the populatton mean with various levels of confidencs.



Similarly, use the t-distribution to compute a 95%
Cl for a population mean when the population
standard deviation is unknown.

When the sample looks normal or we have a large sample size (n>30),
an approximate confidence interval for the population mean is given by

T+t sl Jn

Where t.,_, is the critical value from the t-distribution with n-1
degrees of freedom



Inv. 2.5, parts (w) and (x)

In a sample of size n=130, the critical value for constructing a 95% Cl is 1.979

t Probability Calculator

df: 129 £\

df / \

t-value probability '
vl | < | -1.979 0.0250 / \

33

-5 -4 -3 -2 -1 a 1 2 3 4 5
t

4 t=3 t=2 =1 =0 =1 t=2 =3 f{=4 ‘t=f&



Inv. 2.5, part x

Construct a 95% Cl for the mean body temperature using
xX=98.249, s=0.733, n=130 and the t;,9=1.979

Give an interpretation of your interval.



