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Chapter 1

Angles

Angles measure “turning”. Counterclockwise turns are described by positive angles, and
clockwise turns negative angles.

Angles are described as a rotation taking one ray (called the ‘initial side’) to another ray
(called the ‘terminal side’).

Example 1.1: A positive angle 6. Example 1.2: A negative angle ¢.

Notice that, though they have the same initial and terminal sides, # and ¢ are different
angles.

Definition: An angle is in standard position if its initial side is along the
positive T-aris.

Example 1.3: Below is the angle 6 from example [[L1] in standard position.
(Same rotation, different initial and terminal sides.)

nd
s,
2.
%/ 0
t\g.
%

initial side




The z and y axes divide the plane into four quadrants. If an angle is in standard
position, then its terminal side determines what quadrant the angle is in. For instance 6
from example [L.3] is in quadrant II.

Quadrant II Quadrant I

Quadrant III Quadrant IV

1.1 Degrees and Radians

There are two main units used to measure angles. In degrees a single, complete, counter-
clockwise rotation is 360°. In radians it is 27.

0 = 360° = 2 (radians)
R
L/

Thus a positive one quarter rotation would be: i360o =90° = i27r =3

While a backwards one half rotation would be: —%360O = —180° = —

1 e
227?— T

90° —180° = —7r

I
B

\

NI




Draw the following angles in standard position.

5 _135° 3 (radians)
A SR

~
]/ W

When changing from degrees to radians or vice versa just remember that degrees/360 is
the same fraction of a circle as radians/27. So if an angle is = degrees and y radians, then:

o

r o _ Y
360° 2«

Solving we have the formulas:

. 180° d mx°
= an =
T Y= 1800

T

Example 1.4: What is 45° in radians?

w45° o

T 180° 4

Y

Example 1.5: What is 37” in degrees?

T 2

Example 1.6: Approximately what is 1 radian in degrees?

Solution:

. 180°

T 1~ 57.3°




1.1.1 Co-terminal Angles

Definition: Two angles are said to be co-terminal if, when in standard
position, they have the same terminal side.

Example 1.7: The three angles below are co-terminal.

~

1

NI

N

If measured in degrees then the angles # and ¢ are co-terminal if and only if:

‘9 = ¢+ 360°n  for some integer n. ‘

If measured in radians then the angles 6 and ¢ are co-terminal if and only if:

‘9 = ¢+ 2mn  for some integer n. ‘

Example 1.8: Write three positive angles and three negative angles co-
terminal to 110°.

Solution:
n=0: 110°+ 0° = 110°
n=1: 110°+ 360° = 470°
n=2: 110°+ 2-360°=  830°
n=-—1: 110°— 360° = —250°
n=-2: 110°— 2-360°= —610°
n=-3: 110°— 3-360°= -—970°



Example 1.9: Write three positive angles and three negative angles co-
terminal to %r.

Solution:
n=0: T+ 0= I
-1 B ok
n=2: Iy 2r_  3x
n=-—1: %’r— 127”: _%ﬂ
R ol B
n=-3: %r— ?’GT”: _2%7f

Notice we can also tell if two given angles are co-terminal since we know ¢ and 6 are
co-terminal if and only if ¢ — 6 = 360°n (or 27n if in radians).

Example 1.10: Determine which, if any, of the angles below are co-terminal.
220°,600°, —500°

Solution:

220° — 600° = —380° # 360°n so 220° and 600° are not co-terminal.

What about the others?

220° — (—500°) = 720° = 2(360°)

So, yes, 220° is coterminal to —500°.

600° — (—500°) = 1100° # n(360°)

So, no, 600° is not coterminal to —500°.



Homework 1.1]

1. Draw the following angles (the turn- 4. The measure of an angle in standard
ings, not just the terminal side). position is given. Find two positive and
3 - two negative angles that are co-terminal
(a) 5 (e) —% to the given angle.
(b) i (f)
5m 13n
(C) 14; (g) 2§ (a) 500
(d) L= (h) 2=
3 8 (b) %ﬂ
2. Convert the following angles measured (c) —=
in degrees to angles measured in radi- ¢ 6
ans.
(a) 135° 5. Determine whether the angles are co-
(b) 400° terminal.
(c) —250°
3. Convert the following angles measured (a) 70° and 430°.
in radians to angles measured in de- (b) —30° and 330°.
grees.
(@) o (c) X and 2F.
6
(c) —16 (approximately) (e) 155° and 875°.

Further practice: Page 480 (sec 6.1) #1-40

Solutions:

VARY
/
o
/

10



B~ W

a) ?Zr

,_.
w
3

R

®[3

9

(b) %= () ~22

18

a) 67.5° (b) 750° (c) —916.7°

a) 4

o o o o 1l 197 =57 —13«w
10°, 770°, —310°, —670° (b) Lr 197 —5m
—360° coterminal (b)70° — 430° =
Un 5% = 27 — 27 coterminal (d) 27 — 47 =

0)6
e)15

(
-
-
. (a) 70° — 430° =
(
(

5° — 875° =

(—2)360° coterminal

,_.
w
3

v
W

()

3

N

1lr 237 —137r —19r
6°6°' 6 ° 6

—360° coterminal
21m

= 77w Not coterminal



1.2 Radian Formulas

Degrees are the oldest way to measure angles, but in many ways radians are the better way
to measure angles. Many formulas from calculus assume that all angles are given in radians

(and this is important).

The formulas below also assume angles are given in radians.

1.2.1 Arc-length

In general the arc-length is the distance along a curving path. In this class we only consider

the distance along a circular path.

If we consider the fraction of the circle
swept out by the angle 6 and recall the cir-
cumference of a circle is 27r, then we have

0 s

27 27r

which we solve to get the
Arc-length Formula.

s=0r (0 in radians)

Example 1.11: Find the length of the arc on a circle of radius 18 cm sub-

tended by the an angle of 100°.

s ="?

First change 100° to radians:

0

~ 180°

o
100° = —
9

Then find s:

5
= —-.18=10
S 9 T

11



Example 1.12: The distance from the Earth to the Sun is approximately
one hundred fifty million kilometers (1.5 x 10® km). Assuming a circular orbit,
how far does the Earth move in four months?

0 B 4 months 1 N 9_271'
27 12 months 3 3

9
5= %-1.5 % 10° & 3.14 x 108km

1.2.2 Angular Speed

Everyone remembers the old formula for speed:

distance
speed = ——
time
When we talk about circular motion there are two kinds of speed:
linear speed (denoted v) and angular speed (denoted w).

. arc length
linear speed = v = ———
time
angle
angular speed = w = —
time

If we take the arc-length formula and divide both sides by time,

s=0r = 5 —r
t
we get the Angular Speed Formula
v =wr (w in adians)

12



Example 1.13: A merry-go-round is ten meters across and spinning at a
rate of 1.5 rpm (rotations per minute). What is the angular speed (in radi-
ans/minute) of a child on a horse at the edge of the merry-go-round? What is
the linear speed (in kilometers/hour) of the child?

Solution: The angular speed is 1.5 rpm. To put it into the appropriate units:

5 rotations 27w radians radians

w=1. - - = oM —
minute rotation minute

The linear speed simply uses the Angular Speed Formula:

3 meters
- - bmeters = 151 —
minute minute

V=Wwr =

Note ‘radians’ is a dimensionless unit and so may be dropped. We need only
change linear speed to the appropriate units.

meters  kilometer 60 minutes ~ 983 kilometers

=15 . .
v T minute 1000 meters hour hour

Example 1.14: What is the linear speed of the Earth (in km/hr)?
(Hint: Use example [[.12))

First the angular speed in radians/hour:

2w radians 1 year 1 day radians
= . . ~ 0. 1
“ 1 year 365.25day 24 hour 0.0007168 hour

And so the linear speed is:

v =~ 0.0007168 - 1.5 x 10® ~ 107515 km/h

13



1.2.3 Sector Area

As well as discussing the length of an arc subtended by an angle, we may also talk about
the area of the wedge subtended by an angle. This is called the Sector Area (denoted A).

If we consider the fraction of the circle
swept out by the angle # and recall the area
of a circle is 7r?, then we have

0 A

2r 2

which we solve to get the
Sector Area Formula.

A=10r* (9 in radians)

Example 1.15: A wedge-shaped slice of pizza has an area of 60cm?. The end
of the slice makes an angle of 35°. What was the diameter of the pizza from
which the slice was taken?

T o I
9_1800'35 " 36

1 2.60 -
6025(;—2)7“2 = rzwiigr%%l‘mm

So the diameter is 28 cm.

14



Homework 1.2

1. Find the length of the arc s in the fig-
ure.

)

2. Find the angle € in the figure (in de-

).

o
=
@
@D
2

10

3. Find the radius r of the circle in the
figure.

.

4. Pittsburgh, PA and Miami, FL lie ap-
proximately on the same meridian (they
have the same longitude). Pittsburgh
has a latitude of 40.5° N and Miami
25.5° N. (The radius of the Earth is
3960 miles.)

Find the distance between the two
cities.

15

5. The Greek mathematician Eratos-
thenes (ca. 276-195 B.C.E) measured
the radius of the Earth from the follow-
ing observations. He noticed that on a
certain day at noon the sun shown di-
rectly down a deep well in Syene (mod-
ern Aswan, Egypt). At the same time
500 miles north on the same meridian in
Alexandria the sun’s rays shown at an
angle of 7.2° with the zenith (as mea-
sured by the shadow of a vertical stick).
Use this information (and the figure) to
calculate the radius of the Earth.

6. Find the area of the sector shown in the
figure below.

7. A ceiling fan with 16 inch blades rotates
at 45 rpm.

(a) What is the angular speed of the
fan in rad/min?

(b) What is the linear speed of the tips
of the blades (in inches per sec-
ond)?



8.

The Earth rotates about its axis once (b) Find the angular speed of the
every 23 hours, 56 minutes, and 4 sec- wheel sprocket.

on;ls. The radius of the Earth is 3960 (¢) Find the speed of the bicycle (in
miles.

' ' ' miles per hour).
What is the linear speed of a point on

the Earth’s equator (in miles per hour)?
The sprockets and chain of a bicycle
are shown in the figure. The pedal '
sprocket has a radius of 5 inches, the e

wheel sprocket a radius of 2 inches, and

the wheel a radius of 13 inches. The

cyclist pedals at 40 rpm.

(a) Find the linear speed of the chain.

Further practice: Page 481 (sec 6.1) #41-70

Solutions

1.
2.

3.

0 = 220°, s ~ 19.2
0 =2radsor § ~114.6°

r=4

Let s be the distance, then s = 3960(40.5° — 25.5°) ( = ) ~ 1036.7 miles

180°

. 7~ 3979 miles

A ~ 44.68

. (a) 907Xl (b y = 8(907) B ~ 3772

min’ min sec

. v A 3960( 2 ) ~ 1039.6 mph

23.9344

(a) The velocity of the chain equals the linear velocity of the pedal sprocket:
Vehain = Upe = 4007 %
(b) The velocity of the chain also equals the linear velocity of the wheel sprocket:

— Uchain — l“ad
Wy = e = 2007 T

(c) The angular speed of the wheel sprocket equals the angular speed of the wheel, so

Ve = (13)(2007) ~ 8168.14 1 = 7.7 mph

min

16



Chapter 2

Trigonometric Functions

Now that we understand about angles we move on to the most important subject in this
class—functions whose domain consists of angles. That is, functions which take an angle
and return a real number. The ones we care about are called the trigonometric functions,
and there are six of them: sine, cosine, tangent, cotangent, secant, and cosecant. In the next
sections we will define these functions and discuss their properties.

2.1 Acute Angles

The trigonometric functions are defined for almost all angles from minus infinity to plus
infinity. However their values are particularly easy to understand when applied to acute
angles (angles between 0° and 90°). Acute angles are characterized by being an interior
angle of a right triangle.

Say 6 is an acute angle. Then 6 is an interior angle in a right triangle, and we may define
the six trigonometric functions as follows:

\{o@ it hypotenuse
QK)Q;() it sin ¢ = h;gsifzzsrllu(;e sect) = };(;jacent
Q opposite
A
j h; t
cos 6 = adjacent csc ) = ypotenuse
|_ hypotenuse opposite
0
. __ opposite _ adjacent
adj acent tan ¢ = adjacent cot f = opposite
Example 2.1:
; - 3 - 3
“ 5 sinfl = £ sectl = 7
— 4 - 3
cosf = ¢ cscl = 3
0
|_ _ 3 _ 4
tan 9 = 3 cot 9 = 3
4

17



Some people remember the first three definitions with the acronym: SOHCAHTOA
for “Sine is Opposite over Hypotenuse, Cosine is Adjacent over Hypotenuse, and Tangent is
Opposite over Adjacent.

You might fear that this definition of the trigonometric functions will depend on the size
of the triangle. It does not. Below is a triangle similar to the triangle in example 2.1

Example 2.2:

N

o

8

Note that still

8 4

0 = — = —
cos 0= &
6 3

t = — = —
an 6 0= 1

etc.

We now introduce two special right triangles whose angles and sides are known exactly.

The 45° — 45° — 90° Triangle:

/

4 s K

7 = 2

// \/_ 4 4
NoX 2 1 1
/// 1 = 1 = 7

7/
7/
al ] i ] i [
1 1 7

e[S

Example 2.3: Evaluate the trig functions:

sin(60°) = Y32 _ 3

=g
tan (3) =2 =3
s (3) =&

O

18



Using the values of the trigonometric functions for 7 /6,7 /4, and 7/3, we may solve for

the sides of any triangle which has these one

Example 2.4: Use the exact values
sides b and h in the triangle below.

/5 [
Solution: V\E}e want to know b, the
side opposite to 7/3, and we already
know that the side adjacent to 7/3
is 5, so we use the tangent (opposite
over adjacent). Thus,

s

tan ( g

w

b
5

53

of these angles in it (if one side is known).

of appropriate trig functions to find the

To find h...?

Similarly we now want to know the
hypotenuse, so we use cosine.

cos () =
1_ 5

2 h
=h= 10

Example 2.5: A 15 foot long ladder is leaned against a wall so that the ladder
makes a 60° angle with the floor. Use a trigonometric function to determine
how high up the wall the ladder reaches. (Be sure to draw a picture.)

15ft

60°

Solution:
sin(60°) = L
V3 _  h
2 15
= h= %\/5 ~ 131t

19



For angles other than 30°, 45°, or 60° we cannot (usually) find an exact value for the
trigonometric functions. However using a calculator, we may approximate the sides of any
right triangle where an angle and one of the sides is known.

Example 2.6: Use a trig function and your calculator to approximate the
value of the unknown sides.

To find b...7
63 b
sin(41°) = &
41° [ ] 0.6561 ~ X
a
We want the adjacent, a, and we = b~ 63(0.6561) ~ 41.33
know the hypotenuse, 63.
cos(41°) = &
0.7547 ~ &

= a~ 63(0.7547) ~ 47.55

Example 2.7: When the sun is 50° above the horizon a tree casts a shadow
that is 20 meters long. Use a trigonometric function and your calculator to
estimate the height of the tree. (Be sure to draw a picture.)

O

R tan(50°) = X

p 20
’ ~ b
o 1192~ £
// = h~ 20(1.192) ~ 23.8 meters
h
///
/750° [
20 m

20



Homework 2.1]

1. Use a trig function to find the exact

value of the unknown sides.
3. From the top of a 100 meter high light-

house the angle of depression to a ship

in the ocean is 28°.

How far is the ship from the base of the
10 lighthouse? (Be sure to draw a picture.)

h
T 4. A man is lying on the ground, flying a
(a) 34(1[ kite. He holds the end of the kite string
1

at ground level, and estimates the angle
of elevation to be 40°.

If the string is 200 meters long, how
high is the kite?

p 5. A flagpole is 50 meters from a school
building. From a window in the school

u the angle of elevation to the top of the

flagpole is 35°, while the angle of de-

pression to the base of the flagpole is

25°.

How tall is the flagpole?

20

2. Use a trig function and your calcula- 6. The method of parallaz can be used
tor to approximate the value of the un- to calculate the distance to near-by
known sides. stars. A not too distant star will ap-

parently move (slightly) as the Earth

goes around the Sun. For instance over

a six month period the binary star a-

h Centauri appears to shift .000422° in

12 the sky.

. Given that the Sun is about 1.5 x 108

(a) /53 [ kilometers from the Earth, how far is

a-Centauri from the Sun?

(See figure)

Earth (Winter)

.000422°

a-Centauri

(b) £38° []
500 Earth (Summer)

Further practice: Page 489 (sec 6.2) #1-53

21



Solutions

1. (a) h = % ~ 11.55 and a = % ~ 5.77, (b) p =20 and h = /800 = 20v/2 ~ 28.28

2. (a) h=15and a~9

3. The distance is about 188 meters. Remember that the angle of depression is measured
downward from the horizontal.

4. ~ 129 meters
5. h =~ 58.3 meters. Hint: Use two right triangles.

6. ~ 4.073 x 10'3 kilometers.



2.2 Unit Circle

The definition of the trigonometric functions for general angles (not just acute angles) in-
volves the unit circle. What is the unit circle, you say? It’s the circle, centered at the

origin, with radius one.

Alternatively it’s the set of all points (z,y) which satisfy the equation: x? + y? = 1.

’ LD
()
(L.0)

12412 =241

We now define sine and cosine for any angle. The other four trigonometric functions will

be defined in terms of sine and cosine.

Draw the angle # in standard position.
Consider the point p where the terminal side
of # crossed the unit circle.

The x coordinate of p is cos .
The y coordinate of p is sin 6.

Example 2.8: Find the cosine and sine of 90°.

0,1

90°
A v

22

Y p = (cosf,sin )
0
x
p =(0,1)
cos(90°) =0
sin(90°) =1



Example 2.9: Draw the angle and find the cosine and sine of —180°.
Y

\ p = (-10)

"/ v cos(—180°) =-1
—1807

J sin(—180°) =0

Example 2.10: Draw the angle and find the cosine and sine of 72—”

CoS (7”) =0

5
/A

-

sin( 7T) =-1

2
Now that we basically understand sine and cosine, let’s ask some basic questions.
What is the domain of sine (and cosine)? The definition makes sense for any angle, so

Domain(sin) = Domain(cos) = (—o0, 00)

What is the range of sine (and cosine)?
The output for either function is a big as +1 and as small as —1 with all numbers in
between, so

Range(sin) = Range(cos) = [—1, 1]

Example 2.11: Say 6 is an angle in the second quadrant with the properties:

cost = —% and sin 0 = %.
What quadrant is 6 + 7 in? What is the cosine and sine of 6§ + 7?7
Y
. f + 7 is in quadrant IV.
(_57 g) | The two triangles are congruent.
| 0 Therefore,
I \\ | . .
0+ ! p =(3-3)
|
P cos(@+m) =2
sin(0 + ) = —1

23



Example 2.12: Say 0 is as in example .11l What quadrant is —6 in?
Draw the angle and find the cosine and sine of —6.

. Y —0 is in Quad III
29
I
| 0
D z p=(-%-3)
|
! —0
(—2,—1) I cos(—0) = -2
575
sin(—6) = —1

There are a couple of important things to be learned from examples 2.11] and
First, cosine is positive when the x coordinate is positive—that is in quadrants I and IV.
Sine is positive when the y coordinate is positive—in quadrants I and II. Tangent will be
defined to be the sine divided by the cosine. Therefore tangent is positive when both sine
and cosine are positive or both negative—quadrants I and III.

This important information is encapsulated in the following diagram and mnemonic.

“All Students Take Calculus”

Sine positive All positive

Tangent positive | Cosine positive

Second, cos(—f) = cos(f) while sin(—f) = —sin(d). This means cosine is an even
function, while sine is an odd function. We will have more to say about this in the next
section.

We now consider the cosine and sine of certain special angles.

Example 2.13: Use one of the special triangles to find the cosine and sine of
3r

4

Y
The triangle pgo is 45° — 45° — 90°.

p
Therefore,
| 3r

| o 4 B L
‘q4 ) T p = —ﬁaﬁ>
\ cos(ie) =~

24
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Example 2.14: Find the quadrant and draw the angle —60°.
Draw the appropriate special triangle and find the cosine and sine of —60°.
Y
—60° is in Quad IV.
o _ (1 V3
_(?0 x po= (5’ _7>
|
: cos (—60°) =1
sin (—60°) = —¥2
Example 2.15: Find the quadrant and draw the angle %r.
Draw the appropriate special triangle and find the cosine and sine of %r.
Y
%r is in Quad III.
e
6 - V3 1
N . p = (‘77 —5)
'z
Vs _ V3
cos () =%
: T 1
sin () = —3

2.2.1 Reference Angle

Definition:

The reference angle to an angle, 0 in standard position, is the

smallest positive angle between the terminal side of 0 and the x-axis.

From example 2.13] we see that reference angle for

3T

te T
TISZ.

From example 2.14] we see that reference angle for —60° is +60°.

Vs

From example we see that reference angle for g is .
Note the reference angle is always between 0° and 90°.

25



Example 2.16: What is the reference Example 2.17: What is the reference

angle for %’T? % angle for ”T’T? 3
Y Y
177
%ﬂ 3
YA A

728

wlx

The reason we care about the reference angle is that the cosine (or sine) of any angle is
plus or minus the cosine (or sine) of its reference angle. You figure out the plus or minus
based on the quadrant.

Example 2.18: Find the cosine and sine of %r.

Solution: %’T is in quadrant II.
5T

By example the reference angle for % is .
Thus,

o () -]

(since cosine is negative in quadrant II).

. 5% L (7‘(‘) +1
1mn —_— == mil — = —
6 AN 2

(since sine is positive in quadrant IT).

Example 2.19: Find the cosine and sine of "T’T

7 is in quadrant IV, so

177 5% s 1
cos <?> = cos <?) = + cos (§> = —I—§
1
sin (%) = sin (5%) = *+sin (%) = —?

Notice on example 2.19 the very handy fact that, since sine and cosine only depend on
the terminal side, co-terminal angles have the same sine and cosine.
Thus, cos (177”) = cos (%’r) since NTW and %’r are co-terminal angles.

26



2.2.2 Definition of the Other Trig Functions

The other trigonometric functions are defined in terms of cosine and sine, so once you know
these functions you know all six trig functions.

tanf = sinf sec = 1

cos 0 cos 0
coth = <89 csc = 2
sin 0 sin 0

Example 2.20: Find the tangent of ?jf.
Solution:

o (3_7r) _ sinzT: _ 1/v2 _ 1
4 cos 5 —1/y/2

Example 2.21: Find the secant of %’T.

(57T) 1 1 2
sec | — | = = =——
6 cosZ  —/3/2 V3

Example 2.22: Find the cotangent of %r.

cot <%T) = COS% = _\/3/2 =3

sinf —1/2

2.2.3 Pythagorean Identities

Definition: Identities are equations that are satisfied by any legal value of
the variable.

We'll discuss identities in-depth in section 3.1 but for now we only consider three im-
portant identities.
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Recall that the cosine and sine are the x and y coordinates of a point on the unit circle.

Y
The equation of the unit circle is

p = (cosf,sinf)

x2+y2:1

Substituting « = cosf and y = sin 6,

cos?f +sin? 0 = 1
This is the first Pythagorean Identity.

Notation: (sin#)? is usually written without the parentheses as sin? 6. This can be done

for any trig function.
The second and third Pythagorean Identities are found by dividing the first by cos? 6 or

sin? 6.

cos2f  sin?6 1

cos?f  sin’d 1
sin?0 = sin?#  sin’4

cos2f  cos?  cos?l

gives | cot? 0 + 1 = csc? 0

gives | 1 + tan? 0 = sec?

Example 2.23: Say 6 is in Quadrant II, and sinf = %

Find the five remaining trig functions of 6.
Solution: We find cos 8 by substituting into the first Pythagorean identity.

cos? 0 + (%)2 =1

— 4 _ _ 5B
= cosfl = +£4/1—5=-%

(Negative since cosine is negative in quadrant I1.)
The other four we find by using their definitions:

2/3 2 g VBB VB

tanf = = _——
—v/5/3 5 2/3 2
1 3 1
sec = = —— cscf) = — ==
—V/5/3 5 2/3
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Example 2.24: Say 0 is in Quadrant II, and cosf = —%.
Find the five remaining trig functions of 6.
We find sin 6§ by substituting into the first Pythagorean identity.

(—2) +sin®0= 1

0 — / 25 _ 12
=sinf = +4/1— 35 =+5

(Positive since sine is positive in quadrant II.)
The other four we find by using their definitions:

L1213 12 g 1 5

n = = —— = = ——

MUYT 53T s YT T T 12
g 13 g1 13
seClV = ————— = —— CSCU = ———— = —
—5/13 5 12/13 12

Example 2.25: Say 6 is in Quadrant III, and tanf = %
First find secf, then find the four remaining trig functions of 6.
We find sec 6 by substituting into the second Pythagorean identity.

(g)2 +1= sec?f

= secl = :I:\/1+%:—@

(Negative since secant is negative in quadrant III.)
The other four we find by using their definitions:

1
2—5 cot = — >

V7l 75 71

cosf =

—_
“[
N

5 7

sinf = cosftanf = ———- = —

7
V745 JT4
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Homework 2.2

1. Say whether or not the following points
are on the unit circle, and show how you
know.

2. Draw the angle on the unit circle and
find the cosine and sine for each of the
angles below. (See homework [L.T] prob-

lem [T])

3. Draw the angle on the unit circle and
use the triangle below to find the cosine

and sine for each of the angles below.
(See homework [L.1] problem [I])

3

1 e
8%2_\/5

/8

4. Find the reference angles for the angles
below. (Remember reference angles are
always between 0 and 7/2.)

(@) 5 () F () =5 () &
(b) & (d) 8= (f) 3= (b) Zr

(Note: These problems should be done without the use of a calculator.)

5. For 6 the angle in the figure below, find
the cosine and sine of the angles below.

Yy
an .
p= (_153’_%)
(a) 0+7 (b) -6 (c) m—46

6. Find the secant and tangent of the an-
gles below.

7. Find the cosecant and cotangent of the
angles below.

8. Say 6 is in Quadrant IV, and cosf = %
Find the sine, secant, tangent, cosecant,
and cotangent of 6.

9. Say # is in Quadrant III, and cot§ = %
Find the sine, cosine, secant, cosecant,
and tangent of 6.

Further practice: Page 416 (sec 5.1) #1-42, Page 426 (sec 5.2) #3-50, 61-68
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Solutions

1. (a) Yes, (b) No, (c) Yes, (d) Yes

(O7 _1>

p

(@) cos (1) = &

\/2+\/§)

1
2

V2 -2,

p=<%

V242, -1V2 = V2)

1
2

p=(



(c) cos (Br) = %\/m, cos () = —1/24+ V2,
sin (1%“) :—%\/Q—I—\/i sin (%) = \/ —V2
Yy Yy
) o)
< NZ2
(3V2-v2.-3V2+V2) = (-3V2+V2,1vV2- V2
4. ()35 MF ©F D5 (@©F OF (F OF
5. (a) cos(0+m) = 3, sin(@+7) =13, (b) cos(—0) = ,sin(—0) = 12,
(c) cos(m — ) = 3, sin(r —0) = 522
6. Refer to problem 2
(a)
sec (31) = L = undefined tan (3—7T) = sin (37”)
2 cos (37”) 2 cos (37”)
(b)
sec dmy L an An :Sin(%ﬂ):
( 3 ) cos (%’T) 2 t < ) cos (%”) V3
()
sec o = ! = — an om :sin(%):
) -mm-— = ()-SE-
(d)
B3r\ 1 o (137 _ sin () _
Sec(S)_cos(l‘%”)_2 ¢ (3) cos(l‘%’r) V3

= undefined



7. Refer to problem 3

8. sin(f) = @ tan(f) = _721, cot(f) = \;—231, sec(f) = g csc(f) = \;_231
9. csc(f) = _\g/ﬁa sin(0) = \;—1%, cos(0) = \;—1%, tan(f) = 2, sec(d) = _\?{ﬁ



2.3 Graphs of Sine and Cosine

Since we can evaluate sine and cosine, we can now sketch their graphs. First we evaluate
sine and cosine for all the angles between 0° and 360° that are multiples of 45°.

0 sin cos 0
0 0 1
ARUCERIN:
5 1 0
A RTNRYN:
™ 0 —1
= 1/v3 —1/v3
-1 0
=l _1vE 1/v3
2T 0 1

Now we sketch the graph of sine.

Sketch the graph of cosine below.

219y
+ y = cos(0)
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Definition: A function is even if it satisfies the equation: f(—x) = f(x).
This is equivalent to saying the graph of f is symmetric about the y-axis.

Definition: A function is odd if it satisfies the equation: f(—x) = —f(x).
This is equivalent to saying the graph of f is symmetric about the origin.

Looking at the graphs it’s easy to see that sine is odd while cosine is even.

2.3.1 Amplitude and Period

Before continuing with our discussion of the graphs of functions involving sine and cosine,
we need first discuss the concept of periodic functions in general.

Definition: A function is periodic if there is a number p so that:

f(z+p) = f(x) for every x € Domain(f).
The smallest positive such number p is called the period of f.

Informally, this means f repeats every p units.
Example 2.26: The following graph is periodic. What is the period?
4 4+Y
3+ Period = 3/2

|
|
—
N +
w
Ot
o+

Example 2.27: The following graph is periodic. What is the period?

VT

212//////
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Looking at the graphs of sine and cosine, it is clear that each have a period of 27.
sin(f + 2w) =sin(f) and cos(f + 2w) = cos(0)

since 6 + 27 and 6 are co-terminal angles, have the same terminal side, and thus have the

same sine and cosine.
What is the period of sin(26)?

0 sin 26

0 | sin(2-0) =sin(0) =

I sin(Q-E) =sing =

5 | sin (2 %) =sginmT =

%’T 5111(2-%“) :sin%’r:—l
m | sin(2-m) =sin2r=0
%’T sin(Q-%) :sin%’r:

37” sin (237“) =sindrtr =0
Tisin(2- ) =sinT =-1
27 | sin(2-2m) =sin(4r) =0

249y

It’s easy to see the period of sin26 is w. This is sensible since multiplying by 2 on the
inside should squeeze the graph horizontally by a factor of 2. This divides the period
by 2.

If you multiply on the inside by any b > 0, then you will divide the period by b. Hence,
the period of sin(bf) or cos(bf) is 2

Example 2.28: What is the period of the function: cos(76)?

Solution: period = 2?” = 2.
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Example 2.29: What is the period of the function: sin (g)?

period = 2% = 47,
2

What about the period of 2sin#? How does multiplying by 2 on the outside effect the
period?

0 2sin 6

0 | 2sin(0) =2-0 =

= | 2sin(3) =2-% =2
?)g 2§1n(§) :2-11 =

e QSIH(T) :2% = 2
m | 2sin(m) =2-0 =0
57 | 9gin () =2 (_%) — 2
#12sin () =2--1 = -2
I | 2gin (1) =2 (_%) — 2
27| 2sin(27) =2-0 =0

The period is still 2. So the answer is multiplying by 2 on the outside does not
change the period. This is sensible since the period is a characteristic of the domain,
and multiplying on the outside effects only the range.

Definition: The amplitude of a sine or cosine function is:
1 (maximum — minimum).
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Example 2.30: What is the amplitude of sin(26)?

1-(-1)

amplitude = =1

Example 2.31: What is the amplitude of 2sin(6)?

—(=2)

amplitude = =2

It’s pretty easy to see that | the amplitude of asin(bf) or acos(bd) is |al|.

Example 2.32: What is the period and amplitude of the sinusoidal function
whose graph is given below?

3

24 Y Period = 3¢

14 Amplitude

3
2

| | | | | | | | |
T 1 T T T T T T T

0
5 3m

2 2

vl
3
w
3
N}
3

Recipe for graphing a sin(bf) or a cos(bf):

1. Find the period and amplitude.

2. Measure or label the z-axis for a convenient period, and the y-axis for a convenient
amplitude.

3. Divide the period into quarters. Then mark the zeros, maxima, and minima for one
period of the function.

(sine goes: zero-max-zero-min-zero, while cosine goes: max-zero-min-zero-max)

4. Extend the zeros, maxima, and minima, and then draw a nice smooth curve.
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Example 2.33: Sketch the graph of 3 cos(mz).

1. period = & = 2. The amplitude is 3.

™

2. Label axes conveniently.
4 +Y
3 €

3. Mark zeros, maxima, and minima for one period (0 to 2).
4 +Y

3 & °

4. Fill in remaining zeros, maxima, and minima. Draw a smooth curve.

4 +Y
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Example 2.34: Sketch the graph of 10 sin (g)
period = 4w
amplitude = 10

201Y

—20

2.3.2 Phase Shift and Vertical Shift

We've seen that multiplying on the outside produces a vertical stretch (changing the ampli-
tude) while multiplying on the inside produces a horizontal squeeze (changing the period).

What happens if we add rather than multiply? This should produce a horizontal or
vertical shift. Adding on the inside will shift the graph horizontally. This is called a
phase shift. Adding on the outside will shift the graph vertically. This is a vertical
shift.
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Example 2.35: Sketch the graph of sin (8 + %)

sin(@

Sin(O :singzi2
. =
sm(z —smg—l1
sm(g :smf:—2
sin(?jf i

SRR Ny By R AR AR

—— ——
Il
0]
—
B
3
|
(e}

&
=
S =
++ +4+ F+ £+ T

0
0
E
4
s
2
3
4
T
5m
4
3
2
T
4
2

wn

=

=
NN TSN

—2
We added 7 on the inside. This caused the graph of sin @ to shift left 7 units. We say
sin (9 + %) has a phase shift of —7.
(Negative because the graph moved in the negative direction, a.k.a left.)

Example 2.36:
Sketch the graph of sin(6) + 1.
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Example 2.37: What is the phase shift of sin (29 + %)?

Solution: This is more complicated than it seems. First you shift left 7, then

you squeeze by a factor of 2. When you’re done the phase shift is half what it
started as. The phase shift is —¢.
Another way to see this is to factor the 2 out of the inside of the sine.

sin (20 + g) —sin (2 (0+ %))

Hence the function sin(26) is shifted left %.

In general then, | the phase shift of asin(bf + ¢) or acos(bd +c) is — ¢

Notice, though, that shifting left or right (or up or down) does not change the period or
the amplitude. So, the period of asin(bd+c)+d or acos(bd +c)+d is 2%, and the amplitude
is |a| just as before.

Recipe for graphing asin(bf + ¢) + d or a cos(bd + ¢) + d:

1. Find the period, amplitude, phase shift, and vertical shift.

2. Measure or label the z-axis for a convenient period, and the y-axis for a convenient
amplitude.

3. Divide the period into quarters. Then lightly mark the zeros, maxima, and minima for
one period of the unshifted function, asin(bf) or a cos(bf). Extend the zeros, maxima
and minima.

4. Shift these points according to the phase or vertical shift calculated. Then draw a nice
smooth curve connecting the points.

Example 2.38: Sketch the graph of y = sin (2«9 + %)

Solution: The amplitude is 1, period 7, phase shift —m /8, with 0 vertical shift.
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Label axes conveniently.

241 Y
1AV
i i i i % i % i i i i i i i 0
_x _z T T 3 5w 3r
2 4 4 2 4 m 4 2
—14
-2

Lightly mark zeros, maxima, and minima for one period (0 to 7) of y = sin(26).
Extend.

21 Y
1+ o ©
© Il Il Il @& Il Il Il Il Il Il Il Il Il o
T T _IE T T ﬁ T % T & T $ T & T 3_7T9
2 4 4 2 4 m 4 2
o —1+ o
-2

Shift each mark left 7/8. Draw a smooth curve.

24ty
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Example 2.39: Sketch the graph of y = 3 cos(wf + )

Y
31 Amplitude = 3
91
T Period = 2
75 % _%1 % % i % ) % ;, % X % g % 6/ 0
—1+ Phase Shift = -1
_9od
—31 V. Shift =0

Example 2.40: Sketch the graph of y = 25sin (27r9 — g) -1

Y
3+ Amplitude = 2

A\/\/A\/A N /\ S

Now let’s try going the other way.
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Example 2.41: Below is the graph of y = asin(bf+c¢)+d. Find the constants
a,b,c,d.

Solution: The amplitude is 2, so let a = 2. The period is also 2, so:
2
%:2 =2r=2 =b=nr

The phase shift is —i—i S0:

c N N T
—_—— = — _— = — C = ——
b 4 T 4 4

There is no vertical shift, so the answer is: | y = 2sin (7r9 - %)

Notice this is not the only possible answer. We might chose a phase shift of
—2 or § (these are both also correct). They would give us a different ¢’s.
Likewise we could have chosen a = —2. This would produce a phase shift of
—3_ (2sin(r#) moved left 3 and then flipped over the z-axis!)

Usually it’s easiest to chose a > 0 and find ¢ for the smallest possible phase

shift.
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Example 2.42: Below is the graph of y = asin(b6+c¢)+d. Find the constants
a,b,c,d.

N[
=
—
N -
[\

The amplitude is 4, so let a = 4. The period is 1, so:

2

2 =1 =b=27

The phase shift is —i—% S0:

c 1 N c 1 N s
_— = — _— = — C = ——
b 6 2r 6 3

There is no vertical shift, so the answer is: | y = 4sin (2%9 — %)

Example 2.43: Solve example 2.42]if it were the graph of y = a cos(bf+c)+d

The only difference is that the phase shift is now % (half way between
% and 1). So,

y = 4 cos (27n9 — %”)
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Example 2.44: Below is the graph of y = asin(b0+c¢)+d. Find the constants
a,b,c,d.

+ Period = 37”

/ Amplitude = 5
N t——
3
X 2T

N3
3
:\

—TT _ T
? + Phase Shift = 0

14
+ V. Shift = %

—2
3 2r 3w 4

a—§, 7—7 :>b—§, c=10
y = 5sin(30) + 3
Homework 2.3

Further practice: Page 439 (sec 5.3) #1-40,49,50

1. Give the amplitude and period of 2. Give the amplitude, period, phase shift,

the functions below, then sketch their and vertical shift of the functions below,
graphs. then sketch their graphs.

(a) y = cos(4x) (a) y =3cos (v + %)

(b) y = —2sin (iﬁx) (b) y =2sin (32 — F)

(¢) y=10cos 5) () y =1+ cos(3z)

(d) y = sin(—2z) (d) y = —2+sin (ﬂ'l’ — %)
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3. R Leonis is a variable star whose bright- 5. Find sine functions whose graphs are

ness is modelled by the function: the same as those given below.
b(t) =7.9—2.1 u N
) =79 21eos ()
(t) cos { o=
1 4
where ¢ is days and b is stellar magni- 1 § § § |
tude. — —1 1 2 3 4
(a) _/ 1
(a) Find the period of R Leonis. 27
(b) Find the maximum and minimum o4 ¥
stellar magnitude.
1 AN
(c) Graph one period of b verses t. /
1 2 3 4
4. Blood pressure rises and falls with the
beating of the heart. The maximum
blood pressure is called the systolic
pressure, and the minimum is called 6. Find cosine functions whose graphs are
the diastolic pressure. Blood pressure the same as those given below.

is usually given as systolic/diastolic.
(120/80 is considered normal.)

Say a patient’s blood pressure is mod-
elled by the function:

p(t) = 115 + 25 sin(160mt)

where ¢ is in minutes and p is in mil-
limeters of mercury (mmHG).

(a) Find the period of p.

(b) Find the number of heartbeats this
patient has per minute.

(¢) Graph two periods of p verses t.
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Solutions:

1. (a) amp = 1, period = §

\/\

wl:a
»J>|=|
T

(b) amp = 2, period = 1

\5j /\ A /\
VY

(¢) a=10,p = 67, amp = 10, period = 6

201y




(d) amp = 1, period = 7

21y
[ A | /\ | Ae
—\/% A 2 ’\/% 2\/% 3;
—14+
2

. (a) amp = 3, period = 2, phase shift = —

Y

s
4

(b) amp = 2, period = 37, phase shift =

/\ Il Il /\ Il Il /0
T T T T T T T T
21 T 4 T o6

™

4

7\ /\
—t—t T+ 0
/ ™ T 3 47 T o




2
3

)
| | | \
T T T T

Il Il Il Il Il Il Il Il Il 0
\;/ "oor v "ur  \on/
s
: 3 T 3 2

1

, vertical shift = 3

(c) amp = 1, period =

EEE

14+

(d) amp = 1, period = 2, phase shift = %, vertical shift = —2

41y

2aw
——t——t——t——+——+—F—+—+—+—90
~1 1 1 2 3 4

_2~/\/\/

—4




3. (a) 312 days, (b) Max is 10 and the minimum is 5.8 (c)

- ¢ (days)
90 180 270 360

4. (a) p = g5 minutes, (b) About 80 beats per minute (c)

p (mmHg)
200
160+
mm
80+
401
T L T l‘ T 3w T i T i T i t (mln)
160 80 160 40 160 80
5. (a) y = 2sin (36)
(b) y = 2sin (30 + %)
6. (a) y=3cos (30— =
(b) y =2cos (20 + %) + 1



2.4 Other Trig Graphs

Since the other trigonometric functions are fractions involving sine and cosine let’s review
the properties of functions defined as one function divided by another. In Math 111 we
studied the case where a polynomial was divided by another polynomial. These were called
rational functions.

Say f is a function defined as a “top” function, T'(x), divided by a “bottom” function
B(z).

) = 5

When T'(a) = 0 and B(a) # 0 then f(a) = 0.

When B(a) = 0 and T'(a) # 0 then f(a) is not defined. In fact there is a vertical asymptote
at © = a in this case.

(When both T" and B are zero anything can happen. This case is dealt with in Calculus.)

Example 2.45: Let f(z) = ﬁ—;}

Where is f zero? Where does f have a vertical asymptote?

Solution: f is zero when the top function is zero (and the bottom is not).
Thus, 2 —1 =0 = x =1. At = 1 the bottom function is 2, so f(1) = 0.

f has a vertical asymptote when the
bottom function is zero (and the top
is not). Thus, z+1=0 =z = —1.

At z = —1 the top function is -2, so f _—

Y
|
|
|
|
:

has a vertical asymptote at v = —1. L : / L
|
|
|
|
|

Here is the graph of f.

sin 0

7 and cot § = <37
COS

Now we consider the functions tanf =

0 tan 6 cot 0
0 2= 0 VA
w /vV2

g 1/\/56 = V.A 0
3

T ym s -1
T _% = 0 V.A
5w —1/\/5 o

4| —1/V2 1 1
il o VAL 0
T —1/\/5

ERRe -1 -1
2m 2=0 V.A
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| |
| |
| |
| |
| |
| |
| |
| |
| |
% 0 3 T 51!% T
| |
| |
| |
| |
| |
| |
| |
| |

Sketch the graph of cotangent.

What is the period of tangent and cotangent?

By the same reasoning as we used for sine and cosine, for a tan(bf+c)+d or a cot(b0+c)+d:

period = ¥ | and | phase shift = —¢

Recipe for graphing tangent or cotangent:

1. Calculate period and phase shift.
2. Label the graph conveniently for your period and a.

3. Divide one period into quarters. Lightly mark zeros, vertical asymptotes, and quarter-
points for atan(bf) or a cot(b).
(Tangent goes: 0, a, VA, -a, 0; Cotangent goes: )

4. Extend and shift marked points.

5. Draw a smooth curve.



Example 2.46: Sketch the graph of y = %tan (g)

1. period = {7z =37

There is no phase shift or vertical shift.

2. Label axes conveniently.

2+1Y
1A%
—— —t—t——F+—F+—F+—+—+—+0
—2m -7 2m 3 A 571 67
14
—2
3. Mark zeros, vertical asymptotes and quarter-points for one period.
(0 to 3m)
2+1Y i
|
|
1y :
|
+ |
|
Il Il Il I Il Il Il Il Il Il Il Il
® ® 0
—or | _p . 2t 37x  4m  5¢r 6
41 | Y
|
|
-1+ |
|
|
T |
|
) |
4. Extend.
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5. Draw a smooth curve.

| |
T T 0
5% 6
y 1 1 1
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
|
% —— —— — 0
2 1 2 AN |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |
Secant and cosecant are more straight-forward to graph. sec = Cols 5 S0 the zeros of cosine

correspond with the vertical asymptotes of secant. Further, the maximum and minimum of
cosine (y = 1 or — 1) correspond to the local minimum and maximum of secant. Likewise
for cosecant and sine.

Recipe for graphing asec(bf + ¢) or a csc(bf + c¢):

1. Lightly sketch the graph of acos(bf + ¢) (for secant) or asin(b + ¢) (for cosecant).
2. Draw vertical asymptotes through the zeros of the cosine or sine functions.

3. Draw smooth “U’s” following the vertical asymptotes and touching the maxima or
minima of the cosine or sine functions.
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Example 2.48: Sketch the graph of y = 2sec(6)

1. Lightly sketch the graph of y = 2 cos(#).

2. Draw vertical asymptotes through the zeros of y = 2 cos(6).

3. Draw “U’s”.

y = 2sec(0)

50
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Example 2.49: Sketch the graph of y = csc (29 + %)

1. Lightly sketch the graph of y = sin (29 + %) (Use example 2.38])

21y
1*//0\ O~
N\ 7 N
/| N 4 \
e \ / \
; \ /
\Q y \ /
| | | | | | | | | |
\_E T _IE /‘ T i \ i T ﬁ , T T 5‘71‘
v 2 4/ 4 N 2 4,/ T 4
\ , T \ /
\ , \ ’
N P N s
S -1+ ~eo-

2. Draw vertical asymptotes through the zeros of y = sin (29 + %)
3. Draw “U’s”.

Yy = csc (29+ %)

| |
_r _ T N 3 5
2 4, 4 \ 2 4// ™ 4
\ d T N /
/ AN y
AN 7 N P
~ -

e N -
~
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Example 2.50: Sketch the graph of y = %sec(w@)
Y

| | |

1 1
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
% T T T -~ T T T % 0
AT T
| | |
| | |
| | |
| | |
| | |
| | |
| | |
| | |

Homework 2.4]

1. Sketch the graphs of the functions be- 2. Sketch the graphs of the functions be-

low. low.
(a) ()
Yy = %tan <x — %) y = sec(4x)
(b) (b)
y = — tan(rz) y = —2csc(2mx)
(c) (c)
s s 2 s
y:cot(§x+§) ychsc(gx—g)
(d) (d)

1 1
1y = cot <§x)—|—1 y:sec(1x>—1

Further practice: Page 451 (sec 5.4) #1-46
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Solutions




kloo

1y = cot (%x—k

Yy = cot (%x) +1
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2.5 Inverse Trig Functions

2.5.1 Inverse Function Review

Say you have a function, f. The function takes values in its domain and returns values in
its range. That is,

f : Domain(f) — Range(f)

Definition: The inverse function to f, written f=, takes values in the range
of f and returns values in the domain of f. That is,

=t Range(f) — Domain(f)
according to the rule:

[ (f@) =2 and f(f)y) =y

¢

Another way to think of this is the inverse function “un-does” whatever f “does”.

Example 2.51: Let f(x) = 2z + 1. Thus, for instance, f(1) = 3.
So what is f71(3) =7

713 =) =1
f takes 1 to 3, so f~! takes 3 back to 1.

What is f~(8)7 If f takes z to 8, then f~!(8) = z.

Il
o GO0 OO

f(z)
20 + 1

T

1 =35

N ‘

£(3.5) =8, s0 f1(8) = 3.5.
What, then, is f~1(y)? If f takes z to y, then f~(y) = .

fz) =y
20 4+1 =y



and

fl@)=1 2r+1-1 2z

() = 2 ==

just as is supposed to happen.
When does f have an inverse function?
If f(x) =22 then f(2) =4 and f(—2) = 4. So what is f~1(4) =7

To satisfy the conditions, f~!(4) must be 2 and -2. This is not possible for a function.
Thus f(z) = 2% does not have an inverse function.

‘ f has an inverse if and only if f is one—to—one‘

Definition: [ is one-to-one if for every y € Range(f)
there is exactly one x € Domain(f), so that f(z) =y.

Equivalently, f is one-to-one if any horizontal line crosses the graph of f
no more than once. This is called the Horizontal Line Test.

Not one-to-one. Is one-to-one.
Two z’s (2 and -2) for one y (4). One x for each y.

Finally, a function which is not one-to-one can be made one-to-one by throwing part of
it away. This is called restricting the domain.
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Let g(x) = 22 (x > 0). The graph of g looks like:

2.5.2 Inverse Sine

g is one-to-one.
Hence ¢ has an inverse function.

9 W) =y

Notice,

We want to consider the inverse function for sine. However considering the graph of sine we
see that it is very far from one-to-one. (In fact, it is infinite-to-one; there are infinitely many

x’s for each y between -1 and 1.)

e

We must restrict the domain of sine so that it is one-to-one. There are many different ways
to do this, but the most popular (and the one your calculator no doubt uses) is restricting

sine to [—g, g] .

<

y = sinf (—ggegg)

NTERS

This function is one-to-one, so it has an

inverse.
i~ [-1,1] = [, 7]
S
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Hence, inverse sine takes a number from -1 to 1 and returns an angle between —7/2 and
/2.
Example 2.52: Find sin~'(1)

Solution: sin (%) =1 and % is between —m/2 and 7/2. Thus,

._11:E
sin” (1) 5

Note, sin (57”) = 1 as well, but since 57” > 7, sin™! cannot take the value 57”

. . . _1 L
Example 2.53: Find sin (\@)

Example 2.55: Find sin (sin_l (%))
1) is some anonymous angle (a calculator will tell you ~ 19.5°,

Solution: sin™" ()
but this doesn’t matter). By definition sin and sin™" cancel each other. Thus,
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Example 2.57: Find sin™! (sin (%’r))

Solution: The cancellation rule doesn’t work here since 2F is not in the re-

1
stricted domain of sine. In fact,

() ()

Example 2.58: Find sin (sin™' (3)) (Watch out for this one!!!)

Not defined since 7 ~ 1.57 > 1, so sin~! (%) is not defined.

Example 2.59: Find cos (sin_1 (%))

Solution: sin™? (%) is some angle; call it ¢. Then by definition sin ¢ = %, and

¢ is an acute angle. Hence ¢ is the angle in the triangle:

By the Pythagorean theorem,
3 a?+22=3 = a=vV9-4=15

Thus,

] cos <sin—1 (;)) — cos(e) = ?

Example 2.60: Find cos(sin™*(z)), when z > 0.

Again, ¢ = sin~!(z), so sin(¢) = £
and

X cos (sin~'(z)) = cos(¢) = =

V1—22
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2.5.3 Inverse Cosine

Now we consider the cosine. Like sine it is not one-to-one, so the domain must be restricted.

Again there are many possible restrictions, but [—%, g} is not one of them. Cosine is

not one-to-one on this interval. The natural restriction is to the interval [0, 7].

Yy
y=cosf (0<0<m) This function is one-to-one, so it has an
inverse.

cos i [~1,1] = [0, 7]

Example 2.61: Find cos™!(0).

Solution: cos (g) =0and 0 < 3§ <m,s0
T

cos H(0) = =

2
NoFe that cos (37“) =0, but 37” ¢ [0, 7] so 37” is not a possible value for inverse
cosine.

Example 2.62: Find cos™ (3).
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Example 2.64: Find cos™ (cos (F)).

since 0 < 47” < T.

Example 2.65: Find cos™! (Cos (%))

Example 2.66: Find cos (cos™!(2)).

Not defined since cos™(2) is not defined.

Example 2.67: Find tan (Cos_1 (%))

Hint: Let ¢ be the angle cos™ (£), and draw a triangle as in example

cos™! <§> = é
5 5 3

VBB =4
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Example 2.68: What about tan ((:os_1 (—%))7 —

[JNIEEN

Hint: In what quadrant is cos™ (—2)? Quadrant II

What about sin (cos™ (—2))? 2 (sine is positive in quadrant II.)

2.5.4 Inverse Tangent

Like sine and cosine (and any other periodic function) tangent is not one-to-one. A glance
at the graph of tangent shows there’s a clear restriction to make it one-to-one: (—E E).

2772
' Yy I . . . .
| 1 | This function is one-to-one, so it has an
: 14 : mverse.
| il | T
! : ! ! : ! tan_l : (_007 OO) — (__7 _>
T - i T T iT(' T 9 2 2
T2 T 12
I 4 I
: 1 |y =tand (—§<0<§)
| |
| |

Example 2.69: Find tan™!(1).

tan—1(1) = %
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Example 2.71: Find tan (tan='(2)).

tan (fan™"(2)) = 2

Example 2.72: Find cos (tan™'(2)).

o

X\? tan(f) = %
0 ] cos (tan~"(2)) = cos(f) =
1

Sl

2.5.5 Inverse Applications

Let’s end with a few easy applications of inverse functions.
Given the sides of a right triangle, how would you find the angle, 67

By the acute angle definition in section
2.1l sinf = % We're looking for an angle in
) 3 the first quadrant, so there’s no need to be
clever. Using a calculator:

0 [ 0 = sin~! (é) ~ 36.9°
) 5

Example 2.73: A six foot tall man is standing 50 feet away from a 150 foot
tall building. What is the angle of elevation from the man to the top of the

building?
Solution:
144
tanf = —
an =0
144
6 =tan' | — | ~ 70.85°
on <5O)
144
0 [ ]
50
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Example 2.74: A three foot tall child is flying a kite which is 25 feet in
the air. The 45 foot long string connecting the child to the kite is tight and
straight. What is the angle of elevation from the child to the kite?

X
bﬁag‘ 25 — 3 =122 ft

Homework

1. Evaluate the inverse functions.

2. Evaluate the composition of functions.

(a) sin (sin™' (=2))
(b) cos (cos™* (%))
(c) tan (tan™' (%))

3. Evaluate the composition of functions.

22
0 = sin~! (4—5) ~ 29.3°

(f) tan—!

(tan ()

4. Evaluate the composition of functions.

(a) cos (sin™' (%))

)
(b) tan (cos™ (2))
(c) csc (tan™ (3))
(d) cos (sin™" (—2))
(e) tan (cos™ (—2))
(f) esc (tan™" (—3))

5. Evaluate the composition of functions
assuming x > 0.

(a) sin(cos™!(x))

(b) tan(cos™!(x))
(

(c) csc(tan™t(z))

6. A man is sitting on a 10 foot high pier

holding a short fishing reel. The man
hooks a fish which is two feet below the
surface of the water. If he has 30 feet
of tight line out, what is the angle of
depression from the man to the fish?

Further practice: Page 567 (sec 7.4) #1-36,41-44,49-51



Solutions

L (a) 5. (0)

6. The angle of depression (measured from the horizontal!) is about 23.6°.



2.6 Trigonometric Equations

The values of an inverse function and the solutions to an equations are often confused. The
thing to remember is a function produces exactly one value for each input, while an equation
may have many solutions.

Consider the function /x. For each x > 0 this function has one value.

e.g. V4 =2 and v25 = 5. People who say /4 is 42 are badly mis-informed.

Contrast this with the solutions to the equation:
=4
There are two values for x which make this a true statement,
r=2and x = -2

hence there are two solutions. v/4 gives you one solution, but there is another.

2.6.1 Simple Trigonometric Equations

Consider the equation:

1
cos(x) = 5

cos (%) = 7 gives you one solution, but as we can see by looking at the graph, there are

infinitely many others.

How do we find them all?

First, notice that all solutions have the same reference angle: %, and the cos™! gave it to
you.

Second, notice that there are solutions in Quadrants I and IV only. This is sensible as
cosine is positive only in those Quadrants.

Finally, notice that all the other angles in Quadrant I are co-terminal, and all the angles
in Quadrant IV are co-terminal.
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Recipe for solving sin(z) =y or cos(x) = y.

1. Find the reference angle: trig™*|y|.
2. Find the quadrant(s) of the solutions.

3. Find one solution in each quadrant, then list all angles co-terminal to it by writing:
+27n or +360°n.

Let’s apply this recipe to the problem just discussed.

Example 2.75: Find all solutions to: cos(z) = %
1. Reference angle = cos™! || = Z
2. cos(z) > 0 = Quadrants I and IV

3.

Quadrant I : = = 3 +2mn
Quadrant IV : z = (27T — g) + 2mn
__ om
= 3 + 2mn

n can be any integer. So another way to write the answer is:

n= ... —1 0 1 2
. _ 5w ™ T 137
Quadrant I: z= ... —=¢ % & =F

Quadrant IV: z= ... —

Wl
w
w
w

Example 2.76: Find all solutions to: sin(z) = —

S

I | 1 _
1. Reference angle = sin <+%) =7

2. sin(z) < 0 = Quadrants = III, IV

3. Quadrant III: x = ‘%’r + 2mn

Quadrant IV: z = I& 4 27n (or —Z + 27n)

64



The recipe can be used even if the reference angle is not one of our special angles.
Example 2.77: Approximate the solutions to cos(z) = —0.6

1. Reference angle = cos™!(+0.6) ~ 53.1°
2. cos(z) < 0 = Quadrants = II, IIT

3. Quadrant II: z = 126.9° + 360°n

Quadrant II: = ~ 233.1° 4+ 360°n

The recipe can be used to solve tan(x) = y as well, but since the period of tangent is 7
there is an easier method. We show both methods.

Example 2.78: Find all solutions to: tan(z) = —1
1. Reference angle = tan™"' | — 1| = tan™'(1) = Z

2. tan(z) < 0 = Quadrants II and IV

3.

Quadrant II: » = (7T — %) + 21mn
3
= +2mn

Quadrant IV : = = (27r — %) + 21mn

_ I
=5+t 2mn
But notice how this set of solutions:
n= ... —1 0 1 2
Quadrant IT: z= ... —2¢ %’r 1}7” 1?T7T

Quadrant IV: z= ... —

Is the same as this set:

n= ... =1 0 1 2 3 4
s e _5r _x 3r Ix 1llr 15¢
—Z‘l'ﬂ'n. xr= ... 1 7 1 1 1 1



In fact, the solution to tan(z) = y can always be written as just:

r =tan"'(y) +mn

2.6.2 More Complicated Trig Equations

More complicated trig equations should be first reduced to simple equations of the type we
solved in the previous section.

Example 2.79: Find all solutions to: 2cos?(z) — 7cos(z) +3 =0

Solution:

The left hand side of the equation is a quadratic polynomial in cosine—which
factors! Sometimes this is easier to see if we make a simple substitution, letting
y = cos(x). Then,

2cos?(z) — Tcos(z) +3 = 0
202 —Ty+3 = 0
2y-1y-3) = 0

= 2y—1=0 or y—3=0

= y= % or y=3
Substituting back in for y,
cos(z) =1 or cos(z) =3
r=73+2mn (no solution)

ZE:%T—I-27TTL

(we used our solution to example [2.75])
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Example 2.80: Find all solutions to: 1 + sin(z) = 2 cos?(z).
Hint: Re-write cos?(x) as something with sin?(z).

From the Pythagorean Identity cos?(x) = 1 — sin?(z), so substituting:

1 +sin(z) = 2(1 — sin?*(x))
= 2sin?(x) +sin(r) — 1 =0

Letting y = sin(z),

20 +y—1 = 0
Qy-D+1) = 0
= 2y—1=0 or y+1=0

= y= % or y=—1
sin(z) =3 or sin(z) =—1

x:%—l—Qﬂn x:%’r—l—%m
x:%’r—l—%m

Again, we can approximate the solutions to a quadratic trig equation even if the quadratic
does not factor. We just have to use the Quadratic Formula:

b= Vb? — 4dac

ar’+br+c=0 = =«
2a

Example 2.81: Approximate the solutions to:
cos?(z) 4+ 2cos(x) —2 =10

Solution:
The quadratic does not factor, so we appeal to the Quadratic Formula.

-~ VEPIM(-Y _ 24V _ | e
9 2

cos(z) =
Thus,
cos(z) = —1+V3~0.732 or cos(z) =—1— V3~ —2.732

For the first equation the reference angle ~ cos™!(0.732) ~ 42.9°, and the
solutions are in Quadrants I and I'V. Hence,

T~ 429°4+360°n and =z ~317.1° 4+ 360°n

The second equation has no solutions.
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A second type of equation also relies on solving a simpler trig equation.

Example 2.82: Find all solutions between 0 and 27 to the equation:
1
(27) — +
sin(2x) 5
Solution: First let § = 2x and solve:
1
() — +
sin(6) 5

The reference angle = sin™* (%) = %, and the solutions are in Quadrants I and
II, so

0= %+27m

0= %’T + 27mn
Substituting back in for # we have,

20= F+2mn = r= H+mn

20= 2 +2mn = x= Z+mn

We get solutions between 0 and 27 for n = 0 or 1, thus

o 57 13w 17w
YT 12 120 12

Example 2.83: Find all solutions between 0 and 27 to the equation:

1
sin(3z) = ——

V2
(Hint: Refer to example 2.70))

From example 2.76] we have that

_ b _ 5t , 2n _ 5n48rmn  _ 5r 137 21x
3r = SF42mn = r=5+ 5= = 120 120 12

_ _ Tx , 27n,. _ Tni8cn  _  7Tn 151m  23x
v = T 42 = =3 +5r= T4 = 120 120 12

Here n =0,1,0r 2
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And, of course, we can approximate the solutions to such an equation even if it doesn’t
involve one of our special angles.

Example 2.84: Approximate all solutions between 0° and 360° to the equa-
tion:

cos(2x) = —

For cos(@) = —2 we have the reference angle is cos™ (2) ~ 48.2°. Thus,

QU:0 =2z = 131.8°+360°n = oz =18 430 ~ 659°+180°n

QUI: f =22 = 2282°+4360°n = x=3282 4300 ~ 114.1°+180°n

The solutions are then x ~ 65.9°,114.1°,245.9° or 294.1°.

Homework

1. Find all solutions of the equations be- (b)
low. Give exact answers in radians.

(a) 2sin(z) +1=

(b) 2cos(x) + \/_ 0

(c) tan(x) = /3 (©)
2. Use the triangle below to find all solu- tan(z) = —

tions of the equations below. Give ex-
act answers in radians.

] 3n| 3. Use your calculator to approximate all
s % 22 solutions of the equations below. Give
7/8 answers to one decimal place in degrees.

242
() sin(z) = 0.3
(b) cos(z) = —0.7
sin(z) = % 242 (¢) tan(z) = —v/2
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. Find all solutions of the equations be- (a)

low. Give exact answers in radians.

1

(a) 4cos?*(z) —1=0 sin(4z) = NG

(b) 2sin®(z) = 1 + sin(x)

(c) sec?(x) =1+ tan(z) (b)

4 _
(d) tan*(x) —9=0 . 3
Use your calculator to approximate all cos(3r) = —=5
solutions of the equations below. Give
answers to one decimal place in degrees. 7. Use your calculator to approximate all
solutions of the equations below be-

(a) 3sin*(z) — Tsin(z) +2 =0 tween 0° and 360°. Give answers to one
(b) cos?(x) +4cos(z) +1=0 decimal place in degrees.

Find all solutions of the equations be-
low between 0 and 27. Give exact an-
swers in radians. (b) cos(2z) = —0.7

(a) sin(3z) =0.3

Further practice: Page 579 (sec 7.5) #1-33,39-41,47-49,51,53,54

Solutions

1.
2.

a) T4 2mn or EX +2mn, (b) I+ 2mn or 3 4270 (c) £ 4 mn
a)%+27m,%’r+27m (b)%+2ﬁn’9§”+2ﬁn (c)%A—wn
)

17.5°4-360°n or 162.5°+360°n, (b) 134.4°4+360°n or 225.6°+360°n, (c) —54.7°+

=Z+mnora=—2+mn, (b)x=7342mnorz="I+2rnor x = 4T + 2mn,

x
c)r=0+m=mnorx=7+7n, (dz=F+mnorr=F +7n

(
(
(a) z = 19.5°4+360°n or x = 160.5°4+-360°n, (b) z = 105.5°+360°n or x = 254.5°4+-360°n
(

a)r==+ZInorz=3C+1In
L, 18 2 6 2 9r 17x 257 3x 1lx 19% 27T
Inside the unit circle we have solutions; L, 2% 2T 29m J7 27 197 207

Pl e s 167167 16’ 16 7 167 16 > 16’ 16
U U s Uus
(b)z =% +Fnorz= g+ 3n,

1 3
i 3 3 ; .o 17 29n 7w 197 31w
Inside the unit circle we have solutions: 1%, 5, =&, 15, 54 T8

(a) 54.2°,174.2°,294.2° 5.8°,125.8°,245.8°
(b) 67.2°,247.2°,112.8°,292.8°
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Chapter 3

Formulas

3.1 Identities

An equation is just a mathematical statement. It may be always true, always false, or
true only for certain values of the variables. If an equation is true only for some values of
the variables, we call it a conditional equation, and the values which make it true the
solutions to the equation. Of course such equations are very important, and you’ve been
trained to solve them since you were small. But there are the other kinds of equations.

An equation that is always false is called a contradiction.

An equation that is always true is called an identity.
2z — 1 =5 is a conditional equation since it is a true statement only if x = 3.

x + 4 = x is a contradiction since it is not true for any value of x.

1 _ (z+1)(z=1)

= = appears to be an identity since it is true for various values of x.

x —

_ 1 3 _ (e+D)(e-1
r=1 = 1-1= (o =@1D
o 1 _ (10+1)(10-1)

But this just shows it’s true for those three x’s. How do we show it’s true for all x’s?

You cannot just treat it like a conditional equation. To begin, choose one side of the
equation: the Left Hand Side of the equation (LHS) or the Right Hand Side (RHS). Then
you do algebra to that expression until it looks like the other side.
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Example 3.1: Prove the following is an identity.

1 (z+1)(z—1)

T x
Solution: We'll start with the Left Hand Side.
LHS =z-1
— 22 1
z2-1

T

Notice we did not do anything like “solve” the equation. We did not “multiply both sides
by x” as there are no “both sides”. There’s one side (the starting point) and the other side
(the destination).

Remember, too, that we already have several identities, and that they can be used to
prove new identities. The most important identity we have is sin? z + cos? z = 1.

Example 3.2: Prove the following is an identity.

cos(z)

sec(r) = tan(x) + 15 sin(z)

Solution: It usually easier to start with the more complicated side and simplify.
Let’s start with the Right Hand Side.

RHS = tan(x) + 1i055151926)

sin(x) cos(x)
cos(x) 1+sin(z)

sin(z) [ 14sin(x) cos(x) cos(z)
" cos(z) <1+sin(m)) + 1+sin(z) (cos(m))

sin(x)+sin?(x)+cos?(x)
cos(z)(1+sin(z))

sin(z)+1
cos(z)(1+sin(z))

= —~ =sec(xr) = LHS

cos(x)
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Example 3.3: Prove the following is an identity.

sec?(z) — 1

sec?(x) = sin’(z)

LHS = sec?(x)—1

sec2(x)

_ sec? () o 1
sec2(z) sec?(z)

Example 3.4: Prove the following is an identity.

cos(—x) + sin(—x)
cos(z)

=1 — tan(x)

LHS = cos(—x)+sin(—z)

cos(x)

cos(x)—sin(z)
cos(x)

cos(x) sin(x)

cos(x) cos(z)

=1 — tan(z)

= RHS
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One trick that often works when you have a 1 +sin(z) or 1+ cos(z) is to multiply by the
“conjugate” 1 F sin(x) or 1 F cos(z).
Example 3.5: Prove the following is an identity.

M—secx an(x
1 —sin(z) (%) + tan(z)

Solution:

LHS = cos(x)

1—sin(z)

_ cos(x) (1+sin(w)>
1—sin(z) \ 1+sin(z)

cos(z)(1+sin(z))
1—sin?(x)

cos(x)(1+sin(zx))
cos?(z)

1+sin(z)
cos(x)

= RHS

Homework 3.1]

Prove the identities. 5. cot(—z) cos(—x) + sin(—x) = — csc(x)
1. (cos(z) + sin(z))? = 1 + 2 cos(x) sin(x) 1—cos(a) sin(a)
6. sin(a) - 1+cos(a)

2. cos?(A)(1 + tan?()) =1

3. csc(x) — sin(x) = cos(z) cot(x) 7. tan?(t) — sin®(t) = tan?(t) sin®(¢t)

4. cos(t) + tan(t) sin(t) = sec(t) 8. L Gl ! = 2sec(t)

sec(t)+tan sec(t)—tan(t)

Further practice: Page 540 (sec 7.1) #1-84
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Solutions

LHS

LHS =

LHS

(cos(z) + sin(x))?
cos?(x) + 2 cos(x) sin(x) + sin?(z)
1+ 2 cos(x) sin(z)

RHS
cos?(6)(1 + tan?(0))

2 sm2(€
cos?(0) ( 0052(9))
cos?(6) + cos?(# )2:;2%))
cos?(6) + sin?(0)

1
RHS

cse (:c) — sin(x)

sm(m —Slll( )

:SLlnS:lEHQ ()
sin(x)

cos?(x)
sin(x)

cos(z)

cos(x)
sin(x)
cos(z) cot(x)
RHS

cos(t) + tan(t) sin(t)
cos(t) + 22 gin ()
(t
cos?(t) +sin’(t)

cos(t)
cos(t) sin (t)
cos )cos(zt cos(
Ccos +51n
cos(t)
1

cos(t)
sec(t)
RHS



LHS = cot(—x) cos(—x) + sin(—x)
= % cos(—x) + sin(—x)

cos(x)

- sin(g:)

—Cgi(% — sin(z)

_cos®(z)  sin’(x)

sin(z) ) sin(x)

(cos?(x)+sin?(x))

sin(zx)

cos(x) — sin(x)
) sin(x)
sin(x)

" sin(z)
= —csc(z)
= RHS

LHS = 1—cos(a)

sin(a)
_ l—cos(a) ( 1+cos(a) )
sin(a) 1+cos(a)
1—cos?(a)
sin(a).(l—i-cos(a))
( 5)1(112(0!) (a))
sin(ar)(1+cos(a
sin(a)
1+cos(a)

RHS

LHS = tan?(t) — sin?(t)

= (s

sin? : cos?
- cos2((ff)) — sin® (t) <c052 8)
sin?(t)—sin?(t) cos?(t)
cos?(t)
sin?(t)(1—cos 2(t))
cos? )
= sin?(t) 22

= sin®(t) tan?(t)
= RHS

LHS = L

sec(t)+tan(t) sec(t)—tan(t
_ 1 (soc(t)—tan(t) § + 1 (soc(t)—l—tan(t) )
sec(t)+tan(t) \ sec(t)—tan(t) sec(t)—tan(t) \ sec(t)+tan(t)
sec(t)—tan(t) + sec(t)+tan(t)
sec2(t)—tan?(t) sec?(t)—tanZ2(t)
sec(t)—tan(t)+sec(t)+tan(t)

sec2(t)—tan?
2sec(t) (1) —tan?(1)

1
= RHS




3.2 Sum and Difference Formulas

Most functions do not “distribute” over a sum. That is, for most functions f, and most
numbers, x and y,

fle+y) # f2)+ fy)
Certainly,
(z+y)? # 2* +y?
and
In(z +y) # In(z) + In(y)
Likewise, for most angles « and 3,
cos(a + f3) # cos(a) + cos(B) and sin(a + 3) # sin(a) + sin(f)

For instance,

(i +5) == (3)=0
COS 1 1 = COS 5 =

cos(%>+cos<%>:% %:\/57&()

There is, however, a way to write cos(a + () in terms of the sine and cosine of « and . It’s
more complicated than just “distributing”, but it has the advantage of being true.

but

(COS ﬁa sin 6) (COS(Oé — 6), sin(a - B))
\\ D

a-s1 (1,0)
T

(cos a, sin )

The Distance Formula for the distance between two points, (x1,y1) and (x2, ys), is:

D = /(z1 — 22)? + (y1 — y2)?

The square of the distance in the left picture is:

D? = (cosa — cos B)* + (sina — sin 3)?
= cos?a —2cosacos B+ cos? f + sin? o — 2sin asin 3 + sin® B
= (cos? a + sin® a) + (cos? B + sin? ) — 2(cos a cos 3 + sin asin 3)

= 2 —2(cosacosf + sinasin 5)

1)



The square of the distance in the right picture is:

D? = (cos(a — B) —1)? 4 (sin(aw — 8) — 0)?
= cos?(a — ) —2cos(a — ) + 1 +sin*(a — )
= 2—2cos(a—p)

Setting the two expressions for D? equal:

2 —2cos(a— )= 2—2(cosacos S+ sinasin f3)
cos(aw — ) = cosacos S+ sinasin

This expression can be used to derive other expressions for the sine or cosine of the sum or
difference of angles.

cos(a £ ) = cosacos f F sin asin 3

sin(a + ) = sina cos § £ cos asin 3

Example 3.6: Find the exact value of cos (%)

Solution: First notice that 15 =
Then,

us us
3 4°

=)

= cos (§) cos (§) +sin (§) sin (§)

cos (%) = coS (

@Iy

_ 132 V3D
=235 t33
— V2+V6

4

Example 3.7: Find the exact value of sin (117—2”)

4 ATm _ 8ty 9 _ 2m | 3m
Hint: 53 =5+ 5 =5+

sin (117—2”) = sin (2{ + ?jf)

w

= sin (3) cos (%) + cos (%) s (%)
=P (=) + (D¢

— =62
1
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Example 3.8: Find the exact value of: cos20° cos 50° + sin 20° sin 50°.
Working backwards from the difference formula for cosine,

cosacosS 4+  sinasinff = cos(a— )
cos20°cos50° 4 sin20°sin50° = cos(20° — 50°)

= cos(—30°)

Example 3.9: Simplify the expression: cos (x + g)
Solution:
cos (x4 3) = cos(x)cos — sin(x)sin g

= cos(z) - 0 —sin(z) - 1

= —sin(x)

Example 3.10: Simplify the expression: sin(z — 7).
sin (r — ) = sin(z) cosm — cos(x) sin
=sin(x) - (—1) —sin(z) - 0

= —sin(z)

We can use the sum and difference rules for sine and cosine to construct similar rules for
tangent.

tan(a £+ ) = jj;;ggigg

sin a cos f+tcos asin 8
cos « cos fFsin asin 8

cos « cos fFsin asin 8 cosacesd

1
__ sinacos f+cos asin <cosaoos6>
= 1

_ tanadtan
tan(a £ f) = S atans

7



Example 3.11: Find the exact value of tan (5—”)

12
: 5 27 3 s s
First note that 5 = 15 + 15 = ¢ + ]

)

5 . tan(%)—l—tan(%
tan (ﬁ) - l—tan(% tan(g)
_ & (@)
1-——=1 V3
_ 1+Vv3
= Ao

3.2.1 Writing a Sum as a Single Function

One very useful application of the sum and difference rules is to write a sum of a sine and a
cosine as a single trig function, say a sine.

Example 3.12: Write —sin(z) + v/3 cos(x) in the form: ksin(z + ¢).
Solution: We want to find k£ and ¢ so that

ksin(z + ¢) = —sin(x) + v/3 cos(z)

We begin by letting k = \/(—1)2 + (V3)2 = 2.
Dividing both sides of the above equation by k gives,

sin(x 4+ ¢) = —% sin(x) + 73 cos(x)

Now applying the addition rule for sine,

cos ¢ sin(x) + sin ¢ cos(x) = —% sin(z) + 5 cos(z)

We need to chose a ¢ so that,

1 3
cos ¢ = —3 and sin ¢ = g

Cosine is negative while sine is positive, so ¢ is in quadrant II. The reference
angle for ¢ is clearly 7 /3, hence ¢ = 27/3.

_ sin(z) + V3 cos(z) = 2sin (x - 2%)
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In general, to write Asin(z) + B cos(x) as ksin(x + ¢),

1. Let k =+ A2+ B2,
2. Find ¢ so that:

A
cos ¢ = - and sin ¢ = =

by finding the quadrant and reference angle for ¢.

Example 3.13: Write sin(x) — cos(z) in the form: ksin(z + ¢).

Since A=1and B = —1, k= /12 + (—1)2 = /2. Then we want a ¢ so that

1
cosp=— and sing=—

V2

The reference angle is then,

ref = cos™? (%) =sin~! <+%) —

Since cos ¢ > 0 and sin ¢ < 0 we know ¢ is in Quadrant IV, so ¢ = %’r
(or —%). Thus,

Sl

1

sin(z) — cos(z) = V2 sin <x + %”)

Example 3.14: Find k£ and approximate ¢ so that:

3sin(x) + 4 cos(z) = ksin(z + ¢)

k=VR+2=5

We want a ¢ so that
3 4
cos ¢ = R and sing = R

The reference angle is then cos™!(3/5) ~ 53.1°. Both sine and cosine are
positive, so ¢ is in Quadrant I and equal to the reference angle. Thus,

3sin(z) + 4 cos(z) = 5sin(z + 53.1°)
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Homework 3.2], 3.2.7]

1. Use the addition and subtraction for-
mulas to find the exact value of the ex-
pression.

(a) cos(15°)
(b) sin (£2)

(c) tan (117—2”)

2. Use the addition and subtraction for-
mulas to find the exact value of the ex-
pression.

(a) sin(18°) cos(27°)4-cos(18°) sin(27°)
(b) cos(10°) cos(80°)—sin(10°) sin(80°)
(c)

tan (%) + tan (%)

1 — tan (lig) tan (%)

3. Use the addition and subtraction for-
mulas to simplify the expression.

) sin (z — %)
) cos (z+ 2)

(c) tan (3 — =

(d) sin (cos™ (5) +cos™ (2))

4. Prove the identities.
(a)

(v §) roin (=) =0
COS | T 6 Sin | © 3 =

(b)
cos (& + y)+cos (x — y) = 2 cos(x) cos(y)

5. Write the
ksin(x + ¢).

expression exactly as

(a) sin(x) + cos(z)
(b) —5sin(mx) — 5 cos(mx)
(¢) 3sin(z) — 3v/3cos(x)

6. Approximate the expression as
ksin(z + ¢).

(a) 5sin(x) 4 12 cos(x)
(b) —4sin(x) + 3 cos(z)
(¢) —8sin(z) — 7 cos(z)

Further practice: Page 548 (sec 7.2) #1-44
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Solutions

L@ ) IS (g
2 W M0 0
5. () —cos(a). (b)sin(@), (©) cot(a).  (d) -~
4 (a)
LHS =cos(z+F) +sin (z — )
= cos(w)cos (5) —sin(a)sin (5) +sina) cos (5) — cos(a)sin (5)
= cos(x)L2 —sin(z)} +sin(z) ] — cos(z) L2
=0 = RHS
)
LHS =cos(z+y) +cos (z — y)

=cos(z)cos(y) —sin(z)sin(y) +cos(z)cos(y) +sin(z)sin(y)
= 2cos(z)cos(y) = RHS

5. (a)y=+2sin(z+72), (b)y=5V2sin(rz+2), (c)y=6sin(z—3)
6. (a) y ~ 13sin(x 4+ 67.4°), (b) y ~ 5sin(x + 143.1°), (c¢) y ~ 10.63sin(x + 228.8°)



3.2.2 Product-to-sum and Sum-to-product Formulas

We can also use the sum and difference formulas to write the product of two trig functions
as a sum.

sin(aw — 3) = sinacos § — cos asin
+ sin(a + ) = sinacos 3+ cosasin 3
sin(a — B) +sin(a + f) = 2sinacosf

Dividing both sides by 2 we have a formula for sin « cos (.
Similarly we may derive formulas for the other products:

sina cos B = %(sin(oz — ) + sin(a + 5))

(cos(a — B) — cos(a + 3))

[N

sinasin § =

cosavcos 3 = 1(cos(aw — 3) + cos(a + 3))

Example 3.15: Write sin(2x) cos(3z) as a sum of two trig functions.

Solution: According to our first product-to-sum formula:
sin(2z) cos(3z) = 1 (sin(2z — 3z) + sin(2z + 3z))

(sin(—z) + sin(bz))

[N

(—sin(x) + sin(5z))

N [—=

= L(sin(5z) — sin(z))
Example 3.16: Write sin(7x) sin(3z) as a sum of two trig functions.

sin(7z) sin(3z) = $(cos(7z — 3z) — cos(7x + 3z))

= 1(cos(4z) — cos(10z))
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Using a simple substitution we can go from a product back to a sum.

u=a—[ w4+ v —u4v U—
L L - _ o
T u—atp =g PE 2

Hence our formulas become:

sin(u) 4 sin(v) = 2sin (“;”) cos (“_”)

sin(u) — sin(v) = 2 cos () sin (%52)

cos(u) — cos(v) = —2sin () sin (452

cos(u) + cos(v) = 2 cos (“42) cos (452)

Example 3.17: Write cos(4a) — cos(6a) as a product of trig functions.

cos(4a) — cos(6a) = —2sin (4160) gin (42502
= —2sin(5a) sin(—a)

= 2sin(5a) sin(a)

Example 3.18: Find the exact value of: sin (%) + sin (1—”2)

: 5 . . Sm m 5w _ m
sin (l—g) ~+ sin (1—”2) :2sm<12212>cos(1 212)
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3.2.3 Double Angle Formulas

Just as functions don’t, in general, “distribute” over sums; you also cannot, in general,
“factor out” a number from inside a function.

¥ #£2e¢" and V2zx # 2V
Likewise for the trig functions. As we saw in section 2.3
sin(2x) # 2sin(z) and  cos(2z) # 2 cos(x)

We can easily use the sum and difference formulas to give us formulas for the sine or cosine
of twice an angle.

sin(z + x) = sin(x) cos(x) + cos(z) sin(x)

Thus,

sin(2z) = 2sin(z) cos(x)

Likewise for cosine,
cos(z + x) = cos(x) cos(z) — sin(x) sin(z) = cos?(z) — sin?(x)

Using the formula, cos?(x) + sin?(z) = 1 we can form three different expressions for the
cosine of double an angle.

cos(2x) = cos?(x) — sin®(z)
= 2cos?(z) — 1
=1— 2sin®(z)

Example 3.19: Use a double angle formula to evaluate: sin (%)

Solution:

sin (2%) = 2sin (g) coS (g)

w

9 . V3

1
2 2

oS

Which we know is correct by the methods of section 2.2]
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Example 3.20: Use a double angle formula to evaluate: cos (%)

cos (2%) = 2 cos? (%) -1

Example 3.21: Prove the identity:

cos(20)
sin(20)

= %(cot 0 — tan )

_ cos(20)
LHS = sin(26)

cos? §—sin? 0
2sinf cos 6

cos? @ sin? 6

2sin 6 cos 6 2sin 6 cos 6

= 1(cot # — tand) = RHS

Example 3.22: Simplify the expression: sin (2 sin™! (%))

Solution:

sin (2 sin™! (%)) = 2sin (sin_1 (%)) CoS (sin_1 (%))

(Using example 2.671)
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Example 3.23: Say 6 is an angle in quadrant IV, and cos§ = 1. Find sin(26).

Solution: To find sin(260) we need both the cosine and sine of 6.

sin?@ + cos?0 =1
= sinf) = +£+/1—cos?6

sinf = — 1—()2

(Negative since 6 is in quadrant IV where sine is negative.)
Thus,

sin(20) = 2sin(f) cos(d)

Example 3.24: Say 0 is an angle in quadrant IV, and cosf = i.
Find cos(26). In what quadrant is the angle 267

cos(20) = 2cos?(f) — 1

Since both sin(260) < 0 and cos(26) < 0 we know 26 is in quadrant III.
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We may also use the double angle formulas to help us solve an equation.

Example 3.25: Solve the equation.
sin(2z) = cos(x)

Solution:
Using the double angle formula for sine we have

2sin(z) cos(z) = cos(x)
2sin(x) cos(z) — cos(x) =0
cos(x)(2sin(xz) —1) =0

= cos(x) =0 or sin(z) =

=x =74 7mn, x:%+27m,0rx:%”+27m

s
2

3.2.4 Half Angle Formulas

To reverse this process, going from the sine or cosine of an angle to the sine or cosine of half
the angle, we make a simple substitution: u = 2x.

cos(2z) = 2cos?(z) —1
cos(u) =2cos? (¥) -1

Solving for the cosine of half u gives:

COS (%) — 1+c<2>s(u)

Likewise,
cos(2r) =1— 2sin®(z)

cos(u) =1—2sin® (%)

sin (%) =+ 71_6‘;5(“)

In both cases the £ is determined by the quadrant of u/2 (not u).
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Example 3.26: Use a half angle formula to find the exact value of sin .

Solution:

The + comes from the fact that 7/8 is in quadrant I (where sine is positive).

Example 3.27: Use a half angle formula to find the exact value of sin %
(Hint: Watch out for the signs!)

S /1_'3;57%
__ V3
V)

N ¢ T /6
S1n o — S1n <—2 )

243 _ 1
> =1V2+3
Notice that the outermost sign is “4” since % is in quadrant 1I where sine is
positive. The sign of the cosine inside the root is “—” since %T is in quadrant

II1.
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Example 3.28: Say 6 satisfies 7 < 6 < 27 and cosf = %

Find COS 5 9 and smg

Solution: First find the quadrant that 6/2 is in. Dividing through by 2,

0
T<0<2r = §§§

bl )

Thus 0/2 is in Quadrant II. Cosine will be negative, and sine positive.

1+cos€ 1+ 5

cos—: @/ = —
6

) n 1 —cos@ —% 3 +\/T
1m - = _ = — = —
My TV T 3 6

Notice we didn’t need sin #; the half-angle formulas only use cosine.

Also there was no “cos 2”! 2/3 is not an angle! (At least not in this problem.)

Example 3.29: Say instead 6 satisfies —7m < 6 < 0 and cosf = £
Now what are cos 5 and sin 37
The only things that change is the quadrant and the signs.

N D

—-1<0<0 = <0

ol

<

Now 6/2 is in quadrant IV, so

cos€—+ >
2 V6
.0 1
sin — = —4/—=
2 6

There are also double and half angle formulas for tangent.

tan(z) + tan(x)

tan(z + ) = 1 — tan(z) tan(x)

Gives,

2 tan(z)
1—tan2(x)

tan(2z) =

Using the half angle formulas for sine and cosine we have,

1—cos(u
(u) sm% \/ ( 1 — cos(u)
tan | — =
2 COS 5 i 1+Cos(u \/ 1+ cos(u) cos(u)
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Multiplying by the conjugate of the bottom gives

u 1 —cos(u) (1 — cos(u) (1 — cos(u))? 1 — cos(u)
tan () = i\/l T cos(u) <1 - cos<u>) g T ‘W

Miraculously, the absolute values and the 4 cancel with each other.
You get a similar formula if you multiply by the conjugate of the top.

tan (§) = 50" = Teet

Example 3.30: Use the half angle formula to find the exact value of tan .

Solution:

T 1.z
tang —tan(2 4

_<1_§)l:l_ :\/5_1
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Homework 3.2.2], 3.2.3], 3.2.4]

1. Use a half-angle formula to find the ex-
act value of the expression.

(a) cos(15°)
(b) sin (%)
(c) tan (75°)

2. Use a double angle formula to simplify
the expression.

(a) 2sin(30) cos(36)

(b) 1 — 2sin?(5x)

2 tan(7t)
(C) 1—tan?(7t)

3. Prove the identities.
(a)
sin (8z) = 2sin(4x) cos(4x)

(b)

I +sin(2z) 1
W = 1+§ CSC(I’) SeC(fE)
(c)
Sln(4x) = 4 COS(T) COS(2x
sin(z) 4 cos(w) cos(2r)

4. Simplify the expressions.

(a) cos (2cos™ (2))

(b) tan (2sin" (2))

5

Further practice:
Page 557 (sec 7.3) #1-8, 15-72
Page 567 (sec 7.4) #45-48
Page 580 (sec 7.5) #67-70

90

. Find sin(z/2) and cos(x/2) from the

given information.

(a) cos(z) =2, 0°<a<90°

(b) sin(z) = —=&, 180° < z < 270°

13
(c) esc(x) =3, 90° < x < 180°

. Write the sum as a product.

(a) sin(5x) + sin(3x)
(b) cos(4z) — cos(6z)
(c) sin(z) — sin(4x)

. Write the product as a sum.

(a) sin(2z) cos(3x)
(b) cos(bx) cos(3z)
(c) 8sin(z)sin(bx)

. Solve the equations.

(a)

cos(2x) = sin(x)
(b)
tan (%) = sin(z)



Solutions

1. (a)iiﬁ, V2t V2

2. (a) sin(66), (b) cos(10x) (c) tan(14t)
3. (a)

LHS = sin(8x)
= sin(2(4xz))
= 2sin(4z) cos(4x) = RHS

LHS = 1+.sin(2x)

o STQI) sin(2x)
T sin(2 x)l + sin(2z)
== W + 1
2 sin(z) cos(x) +1

= Lcsc(z)sec(x) + 1 = RHS

,_.

LHS = si.n(4x)

sin(x)
_ sin§2g2g)v))
__ 2sin(2z) cos(2z)

_ 2(2 sifll(rglvgwcos(m)) cos(2x)
sin(x)

= 4 cos(x) cos(2z) = RHS

L) )

5. (a) sin (g) = ig), cos (g) = %1
(b) sin (%) = 755 cos (5) = 75

- (a)

. (a) 2sin(4z) cos(x)

)

(b) —2sin(5x) sin(—x) = 2sin(5z) sin(x
52) sin (7“’)

(c) 2cos (%) sin (=) = —2cos (%

)

[sin(—x) + sin(5z)]

N | =D | —

(b) = [cos(2x) + cos(8x)]
(c) 4[cos(—4x) — cos(6x)]

. (a) The equation is the same as :

2sin?(z) +sin(x) — 1 =0,

The solution is: =z = § + 2mn,z =
%’r + 2mn, x = 37“ + 2mn where n is any
integer.

(b) The equation is the same as:

1 — cos(x) — sin(z
sin(x) (z)

which simplifies to
cos(z)(cos(x) —1) =0

The solution is: x = § + n,r = 2mn
where n is any integer.



3.3 Complex Numbers

Complex numbers are a surprisingly useful mathematical idea that turns up in many applied
disciplines. A number of the important concepts in complex numbers are similar to those
that come up when dealing with vectors (a subject we will study in the next chapter), and
involve a lot of trigonometry.

You'll recall that complex numbers have the form: a+ bi where a and b are real numbers,
and i is the so called “imaginary number”, v/—1.

Complex numbers can be added, subtracted, multiplied and divided just like regular
numbers. One just has to remember that i = —1.

Example 3.31: Let z =3+ 47 and w =1+ 71.
Find 2z +w, 2 — w, zw, and =.

Solution:

z4+w =3+4i+1+7i=4+11s
z—w =34+41—-1—-T1=2-—31
ZWw :(3+4z’)-(1—|—7i):3—|—212'+42'+28i2

=3+21t 441 — 28 = =25 + 25¢

__ 3+4i (1—7i) _ 3—21i+4i—28i?
147 1-7) 1-4942

g |

_ 3117 _ 31 _ 17,
— 1+49 ~ 50 50

A very useful way to think about complex numbers is as points in the plane.
Im

For a complex number z = a + bi, the
real part of the complex number (a) provides z2=3+4+2
the z-coordinate while the imaginary part (b)
provides the y-coordinate. L L

The complex number z = 3 + 2¢ corre-
sponds to the point in the plane (3, 2).

3.3.1 Trigonometric Form

A complex number written as z = a + bi is said to be in standard form. However, a point
in the plane can also be described with a distance from the origin and an angle with the
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positive x-axis. These two quantities can be combined to make the “trigonometric form” of
a complex number.

Im
1 The distance from the origin, r, is called
1 ol = 020 the complex modulus, denoted |z|.
{_-
o “/I/\/Q r=lz| =v3+22=+V13

The angle from the positive x-axis, 0, is called
the argument, denoted Arg(z).

0 = Arg(z) = sin™* (\/%) ~ 33.7°

Definition: The complex modulus of a compler number z = a + bi is:
|z| = Va? + b?

The argument of z is the angle so that:

cos(Arg(z)) = % and sin(Arg(z)) = %

Definition: The trigonometric form of a complex number z with complex
modulus r and argument 6 is:

z =rcos(f) + rsin(f) i

Example 3.32: Approximate the trigonometric form of z = 3 + 24.
Solution: We've already seen that |z| = /13 and Arg(z) ~ 33.7°, thus

2~ V13 c0s(33.7°) + V13 sin(33.7°) 4

Example 3.33: Find the trigonometric form of z = —1 + /3 i.

Solution: |z| = \/(—1)2 + (V3)2 = 2.

cos (Arg(z)) = _71 and sin (Arg(z)) = ?

The reference angle is 7/3, and the quadrant is 11, so Arg(z) = %’T Thus,

2 2
z = 2cos il + 2sin il 1
3 3
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Notice that you can check your answer if you evaluate the cosine and sine of 27/3,
2 2 1
2608(%) + 2sin (%)122(—5) +2 <?>i:—1+\/§i:z v

Example 3.34: Find the trigonometric form of z =1 — 3.
2] = 12+ (=1)2 = V2.
—1

1 .
cos (Arg(z)) = E and sin (Arg(z)) = ﬁ

The reference angle is m/4, and the quadrant is IV, so Arg(z) = %r. Thus,

z =/2cos 7—7T +/2sin 7—7T i
4 4
Example 3.35: Find the trigonometric form of z = —3.

cos (Arg(z)) = %3 and sin (Arg(z)) = g
Clearly Arg(z) = . Thus,

z = 3cos(m) + 3sin(m)i

Example 3.36: Approximate the trigonometric form of z = —12 — 5i.

12| = /(—12)2 + (—5)2 = 13.

—12 _
COS (Arg(z)) - 1—3 and sin (Arg(z)) = 1—?:5

The reference angle is cos™!(+12/13) ~ 22.6°, and the quadrant is III, so
Arg(z) ~ 202.6°. Thus,

z &~ 130s(202.6°) + 13 sin(202.6°)i
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The trigonometric form is so useful that there are two types of notation signifying it.

Euler’s Formula: e = cos® + sin @ z‘ and |cis(#) = cosf +sinf i

Thus from example [3.33, and from example [3.32]
—14/3i =27 3+ 2i ~ v13¢is(33.7°)

3.3.2 Product, Quotient, and Power

The standard form is best when adding or subtracting complex numbers, but the trigono-
metric form is a little better when multiplying them, and vastly better when raising them
to a power. When multiplying two complex numbers you multiply the moduli, but add the
arguments.

Say you have two complex numbers in their trigonometric forms:

z1=r1cos6; +risinf; i and 29 = r9cosby + resinby ¢
Then, using the sum and difference formulas,
2129 = (rycosby +rysinby i) - (rocosby + rosin by 7)
= r17ry(cos 6y cos By — sin 0y sin Oy) + r179(sin 01 cos Oy + sin 01 cos 6 )i
= 1179(cos(01 + 62)) + rira(sin(6y + 62))i

Or in other words,

T1CiS(¢91> . T’QCiS(eg) = 7’17’2Ci8(91 + 92)

It is as if the arguments, 6; and 65, behave like the exponents in the formula:

This is one reason why Euler chose his notation; so that ¢ . ¢z = ¢i(01102)
The other complex number formulas we will study show the same similarity to exponents.

Example 3.37: Find the trig form of (=14 /3 i) - (v/3 4 1).

Solution: First we need the trig form of z = V3 +i. |2] = /(V/3)2 + 12 = 2.

Since cos f = ? and sin § = % the argument is 7/6. Thus z = 2cis (%)

From example 3.33 we have the trig form of —1 4 /3 7 is 2cis (%’r) Thus,
: : (T .27 (T 27 . (5
(—14V/34)-(V/344) = 2cis (6> -2 cis (?) = 4 cis (6 + 3) = 4cis (E)
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We can easily check this result by “foiling out” the product.
(=14+V30)-(V3+1i)=—V3—i+ (V3)%i+V3i®=—-2V3+2

while

A 5m . 5\ . V3 1Y\ . )
4CIS<F)_4COS<F)+4SIH<F)Z_4<_7>+4<§)2__2\/§+22

Quotients of complex numbers behave similarly. Since

a  a—b X ricis(61) _ 7y . o
=z we have: racis(@y) = o cis(f; — 05)

&®| 8

Example 3.38: Find the trig form of _1\7_37‘1? Check by doing the division.

We change to trigonometric form and apply the formula:

_1+\/§i—2CiS(2%) —1-cis<2—ﬂ—z) —cis<z>—i
V3+i N 2015(%) N n n

3 6 2
Checking by multiplying by the conjugate of the denominator:

—1+V3i (V3—i\ —V3+i+3i—V3i® 4
V3+i  \V3—i 37 4

But where the trig form really begins to pay off is with powers. Once again following the
example of exponents, since

(x*)" = 2"  we have D’Moivre’s Theorem: | (rcis(#))" = r"cis(nf)

Example 3.39: Use example [3.33] and D’Moivre’s Theorem to simplify:
(—1+V/34)?

Solution: From example [3.33 we know the trig form of —1 + V3 i is 2cis (%’r)
Thus,

(=14 V34)? =(2cis (&))? = 2%cis (3%) = 8cis(2n)

= 8(cos(2m) + sin(2m)i) = 8(1 + 0i) = 8
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Is it really just 87! We can check without too much difficulty.
(=1 +V3i)2 = (=1+V3i) - (—1+V3i)) =1 —-V3i —V3i—3=—-2-2V3i
So,

(=1 4+3i)? = (=14 3i)%- (=1 ++/30)
= (—2—-2V3i) - (-1 +V3i) =2 —2V3i +2V/3i + 6 =8

Well how about that...Math works.
Example 3.40: Use example [3.341 and D’Moivre’s Theorem to simplify:

(1—1)
(1—i)t= (x/icis (%))4 = (V/2)%cis <4~ %ﬂ) — dcis(Tr) = —4

3.3.3 Roots

Using the trig form and D’Moivre’s Theorem is the best way to take a complex number to
some whole number power. However it is the only way to take a complex number to a
factional power—that is to say, a root.

Everyone remembers how to solve the following equation:

=9 = z=%/9 = =43 or r=-3
But what if you want to solve an equation like:
A=i = z=xVi = M

What does v/i even mean? It should be a number which, when squared, gives i. But how to
find such a number?

Try D’Moivre’s Theorem even though the power is a fraction, % Of course first you have
to write 7 in the trig form: ¢ = 1cis(7/2). So,

L (T\\2 1. T (T ™ /Ty V2 V2,
<1c1s <§>) = l2cis (% . 5) = cis <Z> = cos <Z) + sin (Z)Z: 72+721
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And you can check easily enough that

=1V

There is a subtlety here, though. 7 and 5 + 27 = 57” are co-terminal angles. They have
the same sine and cosine, so:

S (7?)_ . (5T
7 = CIS 5 = CIS 7

But look what happens if you “square root” the second trig form:

(VY pre (LT (57 5TY o (7)o V2 V2,
CIS 5 = C1S B B = CI1S 1 = COS 1 S11 1 1 = 5 B 2

It’s different! Oh, but wait—it’s just —+/i.

So there are two solutions to z? = i, and they are: z = & (72 + ?z)

Visually,
Im
V2 V2
5 + Tl
5
Re opAm/A Re

In general 2" = w has n solutions, each found by looking at angles co-terminal to the
argument of w, and spread evenly around the circle of radius {/|w].

2" = rcis(f) has solutions:

z = /rcis (22 for k=0,1...n— 1.

n
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Example 3.41: Find the three solutions to: 2% =8

Solution: 8 = 8cis(0), so
: 1 1. (0 :
z1 = (8cis(0))s = 83cis (—) = 2cis(0) =2

That one we all could have gotten without complex numbers, but the others. ..

8 = 8cis(2m), also

2 = (8cis(2m))3 = 83cis (2) = 2 (cos (2) + sin (X) 4)

=2 (-~ + i) =1+ V3

This is the solution we found in example [3.39
For the third solution 8 = 8 cis(4)

23 = (8cis(4m))s = 83cis (&) = 2 (cos (1) + sin (47) 4)
:2(-%-5@) ——1-3i
What would have happened if I'd looked for a fourth solution? 8 = 8 cis(6)

2y = (8cis(67))3 = Sacis (%ﬁ) = 2cis(27) = 2

So we just start over again at z;.
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Visually,

Im Im

8+ 01 4m %’T )
2+ 0
ElA'R Re

N

(RN \5 Y
N\

Example 3.42: Find all four solutions to: z* =1+
(Leave them in the trig form.)

First note that 1 + ¢ = /2cis ( ) Then,

%
a0 = (V2ds (§)))F = (V2)ieis (5 - F) = 28 cis ()
Similarly since 1+ i is also v/2cis (£°),

2 = (V2ds (F)))4 = (V2)icis (1 ) = 25 cis ()

and
z3 = 25 cis (117—6”)
2y = 2% cis (215—6”)
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Homework 3.3

1. Write the following complex numbers
exactly in the trigonometric form.

(a) =1+
(b) 3 —3V3i
(¢) =5 —"5i
(d) -8

2. Use your calculator to approximate
the trigonometric form of the following
complex numbers.

3. Convert the following complex numbers
into the standard form. (Use your cal-
culator if necessary.)

(a) 4e7 (c) Heis(123°)
(b) 2¢'6 (d) 3cis(331°)

4. Let z = 4cis(97°) and w = 2cis(31°).
Find the trigonometric form of the re-
sults of the following operations.

(c) 2% (d) 4=

5. Find the standard form of all solutions
to the following equations.

(a) 22 = —i
(b) 23 = -8
(c) 2t =381

Further practice: Page 589 (sec 7.6) #1-14, 23-90

Solutions
1
2

w

a

- (a)
- (a)
() 2+ 2iv3, (b) —V3—14,
- (a)

5. (a) =24 ¥2i V2 V2 (b)) 14 /3,

2 2 2

100

(c) —2.723 + 4.1931,

a) v2cis(135°), (b) 6cis(300°), (c) 5v/2cis(225°), (d) 8cis(180°)
a) 13 ¢cis(67.4°), (b) V13 cis(—33.7°), (c) 5cis(233.1°), (d) v/113cis(136.9°)

(d) 2.624 — 1.454

a) 8cis(128°), (b) 2cis(66°), (c) 64cis(291°), (d) <= cis(—124°),

16

-2, 1—+/3i
(c) 3cis(0°), 3cis(90°), 3c¢is(180°), 3cis(270°)

-OR- £3, £3¢



Chapter 4

Trigonometric Geometry

We now turn our attention to using trigonometry to solve geometric problems. Many of
these are applied problems which mostly involve finding the angles and lengths of a triangle.
Usually the triangle is not a right triangle.

We have two main tools for dealing with general triangles: The Law of Sines and the
Law of Cosines.

4.1 Law of Sines

Consider a general triangle with interior angles A, B, C' and sides opposite of lengths a, b, c,
respectively. There are some relationships between the sides and the angles.

sin B =

iy

sin A =

¢
|
th = bsinA=h=asinB

sin A B sin B
a b

11
Cc

Similar arguments can be given to show this relationship works for C' and ¢ as well.

simA __ sinB __ sinC
a b ¢

Law of Sines:
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Example 4.1: Find the angle A and the sides a and b for the triangle below.

A =180° — 37° — 86° = 57°

sin37°  _ sin86°

b 6

=b =6 sin 37°

sin 86°
6 cm b ~3.62 cm
sin57°  __ sin86°
a - 6

_ sin 57°
=a =6 sin 86°

a =~ 5.04 cm

Example 4.2: A tower sits at the top of a hill which has a 58° slope. A guy
wire secures the top of the tower to an anchor 100 meters down the hill. The
wire has an angle of elevation of 70°.

How long should the wire be?

20°

70° - 58° = 12°

x 148°
90° — 70° = 20°
5 180° — 20° — 12° = 148°
120/ /S

sin148°  _ sin20°

— x 100

=+ =100 sin 148°

sin 20°

r ~ 155 m
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Example 4.3: A helicopter is flying over a section of straight road. In one
direction along the road, at an angle of declination of 28°, is a Wal-Mart. In
the other direction, at an angle of declination of 36° is a Home Depot. The
pilot knows from having driven the road that the Wal-Mart is 5 miles from
the Home Depot.

How high is the helicopter flying? (Be sure to draw a picture first!)

sin(28°)  sin(116°)

a 3
5 sin(28°) ,
sin(116°) ml
h
in(36°) = —
sin(36°) "

= h=(2.61)sin(36°) =~ 1.54 mi

4.1.1 Ambiguous Case

The cases we've dealt with so far involve triangles where two angles and one side opposite
one of the angles are known (SAA). The Law of Sines can be used to find the one triangle
with those angles and that side. The Law of Sines can also be used to find triangles if two
sides and an angle opposite one of the sides is known, but there is a complication. There
may be two triangles, one, or no triangles at all that satisfy the information given.

Consider a triangle with an angle of 30°, a side opposite it of length a, and another side
of length 10. There are four possibilities depending on the length of the side a.

1. a <5 = No possible triangle.

sin 30° sin B

a 10
10 sin 30° 5

a a

= sin B = >1

No possible angle B.
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2. a=5 = One right triangle.

jSmleosm?)O :§:1
a a
Only possible angle B = 90°.
:>sinB:7108m30 :§<1
a a

Two possible angles: B = sin™" (3)
or

B =180° —sin™" (2).

Example 4.4: Find all triangles with a = 14cm, b = 19c¢m, and A = 42°.

Solution:

sin 42° — sinB

14 19

= sin B = 12842 ~ () 9081
= B~ sin '(.9081) ~ 65.2°

or
~ 180° —65.2° = 114.8°
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Case 1: B =65.2°

= (' =~ 180° — 42° — 65.2° = 72.8°
sin72.8° __ sin42°

c 14

3 o
= ¢ = 14728~ 90.0cm
sin 42

20.0cm
Case 2: B =114.8°

= O ~ 180° — 42° — 114.8° = 23.2°

sin23.2° __ sin42°

c 14

: o
= ¢ = 122~ g 9cm
sin 42

Example 4.5: Find all triangles with a = 13cm, b = 10cm, and A = 32°.

sin(32°)  sin(B) , 10sin(32°)
13 10 = sin(B) 13 076
= B~ 24°or 156°
Case 1: B =24°
= ('~ 180° — 32° — 24° = 124°
sin124° __ sin32° 124°
¢ 13 10 cm 13 cm
135in124° R >
=c= T N 20.3 cm 32 24
20.3 cm

Case 2: B = 156°

= ('~ 180° — 32° — 156° = —8° 777
There is no second triangle
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Example 4.6: Find all triangles with a = 5 cm,
b= 13cm, and A = 21°. Sketch the corresponding triangle(s).

sin(21°) _ sin(B) N

5 13
= B=~6870or111.3°

sin(B)

Case 1: B =68.7°

= (' ~ 180° — 21° — 68.7° = 90.3°

sin90.3° __ sin21°

c 5

H o
= ¢ = 25m903° ~ 14.0cm
sin 21

Case 2: B=111.3°

= (' ~ 180° — 21° — 111.3° = 47.7°
sin47.7° __ sin21°

c 5

H o
= ¢ = 21T ~ 10.3cm
sin 21

Homework 4.1

1.

Use the Law of Sines to find all possi-
ble triangles satisfying the given condi-
tions.

) a=28,b=15 A =110°

) a=25b=230, A =25
(¢) a=20,b=45 A =125°

) a=42,b =45, A =38°

. A tree on a hillside casts a shadow 215

ft down the hill. If the angle of inclina-
tion of the hillside is 22°, and the angle
of elevation of the sun is 52°, find the
height of the tree.

. A hiker is approaching a mountain. The

top of the mountain is at an angle of el-

~ 13sin(21°)
5

~ 9318

14 cm

evation of 25°. After the hiker crosses
800 ft of level ground directly towards
the mountain, the angle of elevation be-
comes 29°.

Find the height of the mountain.

. To find the distance across a river a sur-

veyor chooses points A and B, which are
200 feet apart on one side of the river.
She then chooses a reference point C
on the opposite side of the river and
finds that the angles ZBAC = 82° and
/ABC = 52°.

Approximate the distance across the
river.

Further practice: Page 510 (sec 6.4) #1-31
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Solutions Note: Some answers are approximate.

1. (a) B=230.2°,C =39.8°,c=19.1

a)
b) Two Triangles: B = 30.5°,C = 124.5°,¢ =48.8 or B =149.5°,C =5.5°,¢ =5.7
c¢) No Triangle

d) Two Triangles: B = 41.3°,C' = 100.7°,¢ =67 or B =138.7°,C =3.3°,¢ =39

(
(
(
(
2. About 175 ft

3. About 2350 ft

4. About 217 ft



4.2 Law of Cosines

The Law of Sines allows us to solve triangles where a side and the angle opposite are known
if you know one other side or angle. Thus we can solve SSA or SAA triangles. But what
about triangles where two sides and the angle between them are known? (SAS) Or where
all three sides are known, but no angles? (SSS) For these we need the Law of Cosines.

Consider first the triangle where the angle A and the sides b and ¢ are known. We want
to find the side a. We draw a line from the top vertex perpendicular to the base, forming
two right triangles.

sinA:% cosA:%

= h=0bsinA, s=bcosA

|
:
|
th
a> =h?>+(c—s)?

] =h*+c* —2sc+ s*

s c =b2sin® A+ 2 — 2bccos A + b% cos? A
=b%+c* —2bccos A

This is the Law of Cosines: ‘az =b%> 4?2 —2bccos A

If one knows the three sides and wants to find the angle, then solve for the angle A:

2bc

_ 2, 2 2
A = cos 1<7b+c “)

Example 4.7: Solve the triangle with sides 11cm and 8 cm, and an angle
between the sides of 24°.

Solution:

a?=112+82-2.11-8-cos 24° ~ 24.22

a~v24.22 ~4.92 cm

4.922 + 8% — 112
2-492-8

B ~ cos™! ( ) ~ 114.6°

C' ~180° —24° — 114.6° = 41.4°

A common error on these problems is to use the Law of Sines to find the angle B. The
problem here is that the Law of Sines produces two possible angles, only one of which is
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correct. (There are no ambiguous cases for SAS or SSS triangles.) Say you tried to use the
Law of Sines for example [4.7]

sin 24° sin B . 11 sin 24°
102~ 11 = sinB = 102 ~ 0.9093

= B =-sin"10.9093 ~ 65.4°
OR

B ~ 180° — 65.4° = 114.6°

Most students forget the second possibility—which in this case is the only correct one.
The moral of this story is that when you are looking for an angle, the Law of Sines can
let you down. The Law of Cosines never will.

Example 4.8: Solve the triangle with sides 9c¢m and 8cm, and an angle
between the sides of 54°.

a’> =924+82-2.9.8.cos54° ~ 60.36
a~+v60.36 =~ 7.77 cm

2 Q2 o2
B~ cos! (7'77 +8 —9 ) ~ 69.6°

2-7.77-8

C =~ 180° — 54° — 69.6° = 56.4°

8 cm

Many of our applications will use the idea of a heading.

Definition: A heading is a direction described by north or south, an acute
angle, and east or west. It is the direction of the acute angle measured from
north or south toward east or west.

N30°FE S80° W N50° W
N N N
309 50°
W E W E W E
80°
S S S
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Example 4.9: A pilot flies one hour in the direction N20°E at 200 miles per
hour. Then she changes direction to N40°E, flies for half an hour at the same
speed, and lands.

a) How far is she from her point of departure?
b) In what direction should she fly to return to her point of departure?

Solution: For these types of problems you should always draw a picture.

a) We want to know the distance d. To use the Law of Cosines we need to
find the angle T' (at the turning point).

T = 20° 4+ 90° + 50° = 160°

d? = 2007 4 100% — 2 - 200 - 100 - cos(160°) ~ 87587.7
= d ~ 296 miles

b) Clearly she needs to go southwest. To find the exact direction we first need
the angle in the triangle at her arrival point, A.

1002 + 2962 — 2002
A =~ cos™! ~ 13°
o8 < 2.100 - 296

40° — 13° = 27° so the direction back is: S27°W.
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Example 4.10: Airport B is 300 miles from airport A at a heading of N50°E.
A pilot flies due east from A for 100 miles.

a) What is the pilot’s distance to airport B?

b) In what direction should she fly to get to airport B?

d?® = 300%2+1002—2-300-100-cos 40° ~ 54037
d ~ V54037 =~ 232.5 mi

1002 + 232.52 — 2
B%cos*( 007 + 232.5 300)%124"

2-100-232.5
6 = 124° — 90° = 34°
Direction: N34°E

Example 4.11: In your stationary submarine you sight a ship 3 miles away
in the direction S20°W. Five minutes later the ship is only 1 mile away in the
direction S 35°E.

a) What is the speed of the ship?

b) In what direction is the ship moving?

d?> =32412-2.3-1-cos H5° ~ 6.56
d ~ v/6.56 ~ 2.56 mi

2.56mi 60 min

d~ . ~ 30.7mi/h
spee fmin | Lhr 30.7 mi/hr
32 +2.562 — 12
So ~ cos™! ~ 18.7°
07 o8 ( 2. 3-2.56 )

0 = 20° 4 18.7° = 38.7°
Direction: N38.7°E
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4.2.1 Triangle Area

There are two formulas for finding the area of a general triangle. One applies to SAS triangles,
but can be used for SSS triangles. The other only applies to SSS triangles.

area = %base - height

|
|
|
:h sinA:% = height = bsin A
|
: base = ¢
|

11

c = area = %cbsinA

The formula |triangle area = %bc sin A | can be used to find the area of SSS triangles by

first using the Law of Cosines to find the angle A.

Example 4.12: Find the area of the triangle with sides 6 cm, 4 cm, and 7 cm.

Solution:

62 72 _ 42
A = cos™! (ﬁ) ~ 34.8° 6 cm 4 cm

]' . o 2
area = 56 -T7-s8in34.8° ~ 12 cm Tem

A second method for find the area of a triangle with sides of length a, b, ¢, is known as
Heron’s Formula.

Let s be the ‘semi-perimeter’. |s = %(a + b+ c)|. Then,

Area = /s (s—a)-(s—b)-(s—c¢)

Example 4.13: Use Heron’s Formula to find the area of the triangle in
example [4.12]

Solution:

1

area = V8.5-2.5-1.5-4.5 ~ 12 cm?
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Homework 4.2

1.

Use the Law of Cosines to find the re-
maining side, a.

(a) b=15c=18, A =108°.
(b) b =60, c = 30, A = 70°.

. Use the Law of Cosines to find the in-

dicated angle.

(a) a=10,b=12, ¢ =16; A =7
(b) a=25,b=20,c=22;C ="

Find the areas of the triangles with
sides and angles given below.

(a) b=15c=18, A =108°.
(b) b =60, c = 30, A = 70°.

Use Heron’s Formula to find the areas
of the triangles given below.

(a) a=10,b=12, c=16
(b) a=25,b=20, c=22

Two boats leave the same port at the
same time. One travels at a speed of 30
mi/hr in the direction N50°E, while the
other travels at a speed of 26 mi/hr in
the direction S70°E.

(a) How far apart are the two boats
after one hour?

(b) In what direction is the second
(southern) boat from the first
(northern) boat?

6. A fisherman leaves his home port and

heads in the direction N70°W. He trav-
els 30 miles to reach an island. The
next day he sails N10°E for 50 miles,
reaching another island.

(a) How far is the fisherman from his
home port?

(b) In what direction should he sail to
return to his home port?

. A plane flying at an altitude of 1150

feet sees a submarine and a ship on the
surface of the ocean. The submarine is
at an angle of depression of 28°, and the
ship an angle of depression of 36°. The
angle between the line-of-sight from the
plane to the submarine and the line-of-
sight from the plane to the ship is 43°.

How far is the submarine from the ship?
Plane

Ship

. A four-sided (but not rectangular) field

has sides of lengths 50, 60, 70, and 80
meters. The angle of the corner be-
tween the shortest two sides is 100°.

What is the area of the field?

Further practice: Page 518 (sec 6.5) #1-40, 44-46
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Solutions Note: Answers are approximate.

1.
2.

3.

a) a=26.8, (b) a=57.2

)
a) A=38.6° (b)C =57.2°
a) Area = 128.4, (b) Area = 845.7
)
)

a

(
(
(
(a) Area =59.9, (b) Area = 210.3
(a) 28.2 miles, (b) S3°FE

(

a) 62.6 miles, (b) S18.2°F
1679 miles

. 4077 m?



4.3 Vectors

Vectors are mathematical objects that have both magnitude and direction. ‘75 miles per
hour’ is not a vector as it has no direction. ‘North’ is not a vector as it has no magnitude.
However, ‘North at 75 miles per hour’ can be considered a vector (velocity).

Examples of vectors in physics are velocity, force, displacement, and spin.

We say two vectors are the same if they y_
have the same magnitude and direction. If 1
a vector is represented by an arrow from a /
“tail” to a “head” (as is customary) then - .
this means you can “move the vector around” /
without changing it.

All the vectors to right are equal, since /
they all have the same magnitude (length)

and direction.

There are two operations that can be performed on vectors to produce a new vector.

1. Scalar multiplication (multiplying by a number).

G

2. Addition (adding two vectors to get a third). Place the two vectors tail to head. The
“resultant” vector starts at the tail of the ﬁrst and goes to the head of the second.

Fals
7 S o
/ ~
7 \\
/ . \/
7
Ve
7/
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Example 4.14: Let

b) Sketch 27 — @

|

and

<y
I

a) Sketch o' + 2w )

Definition: A vector v is written in components (v,, v,) if, when the tail
of U is placed at the origin, the head points to the point (v,,vy).

Example 4.15: Write the displacement vector, ¢’ going from the point (—3, 1)
to the point (1, 3) in components.

Solution: We’ll sketch the vector even though it’s not strictly necessary.

Y

To move the vector so its tail is at the 1
origin, we move it right 3 and down U _A ~<

1. Now the vector points at the point _/
(4,2). Hence, S -
U= (4,2) T

Note you can also find this by sub-
tracting the “tail” from the “head”.

T=(1--33-1)=(4,2)
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Scalar multiplication and vector addition are very simple when the vectors are written
in components.

If ¥ = (v,,v,) and @ = (w,, w,) then

L. ¢ U= (cuy, cvy)

2. T4+ = (vy + wy, vy + wy)

Example 4.16: Let ¢ = (2,2) and @/ = (1, 0).

a) Find ¢ + 20 b) Find 20 — &
Solution: b) 20 — @ =2-(2,2) — (1,0)
a) T4 20 = (2,2) +2-(1,0) = (4,4)+(-1,0)
=(2,2)+(2-1,2-0) =(4-1,4+0)
= (242,2+0) = (3.4)
:<4>2>

Definition: A unit vector is a vector of length 1.
There are two unit vectors that are particularly important.

i=(1,0) and j=(0,1)

These vectors provide an alternative way of writing a vector in components.
For example:

47 + 27 = 4(1,0) +2(0,1) = (4,0) + (0,2) = (4,2)
And, in general

Vi A+ vy;' = (Uy, Vy)

4.3.1 Trigonometric Form

The trigonometric form of a vector is very similar to the trigonometric form of a complex
number (See section B.3)). The length of the vector, written ||¢/]|, is called the magnitude
of ¥. (This is almost the same as the complex modulus of a complex number.) The
direction angle of a vector ¢ is the angle the vector makes with the positive z-axis when
its tail is placed at the origin. (This is almost the same as the argument of a complex
number.)
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Definition: The magnitude of a vector v = (v,,v,) is:

1] = /0% + v

The direction angle of U is the angle 6 so that

cosf = U—f and sinf = UT
|17 |17

Definition: The trigonometric form of v is:
U = (rcos@,rsinf)

where r = ||U]| and @ is the direction angle of U.

Example 4.17: Write the vector ¢ = (4, 2) in the trigonometric form.

Solution: The operations here are exactly the same as if you were finding the
trigonometric form of the complex number 4 + 2i. (See examples [3.32 B.33],
and [3.34])

17| = V42 + 22 = V20 = 2V/5
The direction angle will satisfy:
4 2 2 1
25 V5 25 V5
You are in quadrant I (since both cosine and sine are positive),

_ -1 2 ~ o
0 = cos (ﬁ) ~ 26.6°. So,

cosf = and sinf =

7~ (2v/5 cos 26.6°, 2v/5 sin 26.6°)

Example 4.18: Find the trigonometric form of the vector @ = (—3,4).

@l = VB B =V =5

The direction angle will satisfy:

-3 3 4
cosf = = = —x and sinf = R

The angle is in quadrant II (since cosine is negative and sine positive),
ref = cos™! (—l—%) ~ 53.1°. Quadrant II means 6 ~ 126.9°. So,

U~ (5c0s126.9°, 5sin 126.9°)
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Example 4.19: Write the vector @ with magnitude 14 and direction angle
210° in components.

Solution: r = 14 and 6 = 210°, so

@ = (14 c0s 210°, 14sin 210°) = (=7v/3, =7)

The trigonometric form of a vector does not allow you to multiply or take roots of the
vector (as it does for complex numbers). The trigonometric form is still important because
vectors are very often presented in this form.

Example 4.20: A plane is flying due north at 300 miles per hour when it is
struck by a 40 mile per hour tail-wind in the direction N30°W. What is the
true speed and direction of the plane (with respect to the ground)?

Solution: The true velocity of the plane will be the vector sum of the plane’s
velocity in still air (300 mph north) with the velocity of the wind (40 mph

N30°W).
\ i
Y |
|
- UI
N N
PN D
Y |

We must turn the two velocities into components, add them, then turn the
result back into the trig form (speed and direction).

7= (300cos90°,300sin90°) = (0, 300)
7 = (40 cos 120°,40sin 120°) &~ (—20, 34.64)
=0~ (—20, 334.64)

17]| = v/(—20)2 + (334.64)2 ~ 335.2mph

The reference angle for the direction angle is cos™* (A) ~ 86.6°.

335.2
Cosine negative, sine positive is quadrant II, so
0 ~ 180° — 86.6° = 93.4°

So the true direction of the plane is N3.4°W. (The wind is pushing the plane
3.4° off-course to the west as well as adding ~ 35mph to its speed.)
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Example 4.21: A river flows due east at 3 miles per hour. A boat is crossing
the river diagonally with its prow pointed in the direction S30°W. In still water
the boat moves at 10 miles per hour.

What is the true velocity of the boat?

Let b be the velocity of the boat in still water. Southwest is in quadrant III,
so the direction angle for b is 270° — 30° = 240°. If ¢ is the velocity of the
current, then the true velocity is

(10 cos240°,10sin 240°) ~ (—
(3 cos(0°), 3sin(0°))
<_

17]| ~ /(—2)2 + (—8.66)2 ~ 8.89 mph

5, —8.66)
3, 0)
2, —8.66)

O S
I

+
=

I
7~

<y
%

&

25) ~ T7.0°.

The reference angle for the direction angle is cos™* ( :
II, so

Cosine and sine are negative, making it in quadrant

— 00

0 ~ 180° + 77.0° = 257.0°

Thus the true direction of the boat is S13°W.

Example 4.22: Two tugboats are pulling a barge. The first pulls in the
direction S60°E with a force of magnitude 3200 pounds. The second pulls
with a force of magnitude 4000 pounds.

If the barge is to go straight east, in what direction is the second tug pulling?

15

To=  (3200cos(—30°), 3200sin(—30°))
+15 = (4000 cos @, 4000 sin 6)
= T, + Ty~ (2771.3+4000cosf, —1600 + 4000sin0)

Moving directly east means that the NS component (y component) is zero.
Thus,

1
—1600 + 4000sinf =0 = 6 =sin"! <%) ~ 23.6°

So, N66.4°E.
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4.3.2 Static Equilibrium

The state of static equilibrium occurs when all the forces on an object balance out so
that the object remains stationary. Static equilibrium problems give us some interesting
applications of both vectors and trigonometric geometry.

Example 4.23: A 40 pound child is sitting on a swing. The child’s mother
is pulling horizontally on the child so that the swing is stationary, making an
angle of 35° with the vertical. What is the magnitude of the force the mother
is exerting? What is the magnitude of the tension in the swing?

Solution: There are three forces on the child: the weight of the child (40 pounds
downward), the pull of the mother (? pounds backward), and the tension in
the swing (? pounds upward at an angle of 35°). They cancel exactly since
the child is stationary — thus static equilibrium.

Putting vectors head-to-tail
(thus adding them):

M W T
M
o _ 1| _ | o _ IVl _ a0
fan 35" = @y = T oS3 = A = i
= || M| = 40 tan 35° ~ 281bs = ||T]| = 29 ~ 48.81bs

Example [£.23] can also be solved using the techniques of the previous section (though it’s
harder). Writing the three vectors in components and adding:

M = (1, 0)
W = (0, —40)
+1' = (IIT|| cos 125°, | T°|| sin 125°)
(|IT|| cos 125° + || M||, [T sin125° —40) = (0,0)
Thus,
|| sin125° —40 =0 = ||T| 40 48.81b
1mn — = = ~ .
i sin 125° i
and
T cos125° + || M| = 0 = || M| = —||T|| cos 125° ~ 281bs
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Example 4.24: A 2 pound Christmas ornament hangs on a wire, pulling it
downward. The wire makes a 42° angle with the horizontal to the left, and a
22° angle with the horizontal to the right.
What are the tensions on the wires to the left and right?

(Hint: Make a triangle with the vectors and use the Law of Sines.)

sin(64°)  sin(68°)  sin(48°)

Wl I731]] 17|

Since |[W|| = 21bs,

- 2sin(68°)

Ti|| = —= =~ 2.061b
1Tl = Gy ~ 20610

- 2sin(48°)

|| = ——— =~ 1.651
1721 sin(64°) 651bs

Homework 4.3

1. Sketch the vectors below.

17/117:\

2. Calculate the vectors in components.

7=1(3,1) @=(1,-1)

120

. A plane is

3. A cruise ship is moving due north at 10

miles/hour. A child on the deck of the
ship runs S50°E at 5 miles/hour. What
is the true velocity of the child?

flying S25°W at 200
miles/hour when it runs into a head
wind blowing N51°E at 35 miles/hour.
What is the true velocity of the plane?



5. A barge is floating in a harbor in still

water. Two tugboats hook onto the
barge. The first tugboat applies a force
of magnitude 2000 pounds in the direc-
tion N25°W. The second tugboat ap-
plies a force in the direction N15°E.

(a) Say the second tugboat applies of
force of magnitude 1800 pounds.
In what direction will the barge
move?

(b) What magnitude of force must the
second tugboat apply to make the
barge move due north?

. A 10 pound lamp is attached to the ceil-
ing and one wall with cords. The cord
to the wall is horizonal while the cord
to the ceiling makes a 25° angle with
the vertical. What are the tensions on
the two cords?

Solutions Note: Answers are approximate.

7. A barge is floating in a river. The cur-

rent is applying a force of magnitude
1000 pounds due west. Two tughoats
are attached to the barge and holding
it stationary in the river. One tugboat
is pulling in the direction N70°E; the
other S65°E.

What are the magnitudes of the forces
applied by the two tugboats?

. The velocity vector is (3.830,6.79), the

true speed of the child is about 7.8 mph.

. The resultant velocity is (—57.324, —159.235),

the true ground speed is about 169.2
mph and the true course is S20°W

. (a) N6°E, (b) About 3266 lbs

. T} =~ 4.66 1bs and T3 =~ 11.03 1lbs

. T1 =~ 598 Ibs and T, ~ 484 lbs
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