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9 More Exponents and Roots, Complex Numbers

9.1 Fractional Exponents

9. (a) Evaluate numerical expressions containing fractional exponents.

When we first saw exponents, the exponents we encountered were the counting numbers 1,
2, 3, 4, and so on. Later we gave meaning to negative and zero exponents. Here we will briefly
introduce fractional exponents, which are useful in certain situations. Here is how we define
fractional exponents:

Fractional Exponents

e We define a» to mean Va o an = ({a)" = am

o Example 9.1(a): Find 161

Solution: 161 = v/16 = 2, since 2* = 16

o Example 9.1(b): Find (—25)z and —252 if possible. If not possible, say so.

Solution: (—25)% = +/—25, which does not exist. — 252 = —/25=—5

o Example 9.1(c): Find (—27)% and —275 if possible. If not possible, say so.

Solution:

(—27)5 = /=27 = —3 because (—3)® = —27.  — 275 = —/27 = —3 also.

o  Example 9.1(d): | Find 9%

Solution: 92 = (\/5)3 =3° =27

We could have done this as 93 = V93, but 9 is hard to find without a calculator, and
we probably wouldn't know the square root of the resulting large number either!
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o Example 9.1(e): Find (—27)5 and 27% if possible. If not possible, say so.

2
Solution: (—27)s = (V=27)" = (=3)* =9
To compute 2775 we use the definition of a negative exponent first:

. 1 1 11
27_E == = - = — = —
275 (V272 32 9

Section 9.1 Exercises To Solutions

1. Find each of the following, if possible. If not, write DNE for “does not exist.”

=

(a) 42 (b) 10003 (c) —4: (d) (—16)

4. For each of the following quadratic equations, first determine whether its graph will be a
parabola opening upward or opening downward. Then find the coordinates of the vertex.

() hlw) = —a? —20—3 (b) s(t) = 1+ 30+

132



9.2 Rationalizing Denominators

9. (b) Rationalize denominators of rational expressions with roots in their
denominators.

When working with fractions, we always expect final results to be given in lowest terms; that
is, reduced as much as possible. A fraction not in lowest terms is considered “undesirable” in a
sense. When working with roots it is considered undesirable to have a root in the denominator
of a fraction. There is a simple method called rationalizing the denominator for solving this
problem. Before going into it, let's examine how we really reduce a fraction. (We usually don't

show all the steps I'm going to show, but they really take place.) We'll use 20 as an example.

15 35 35 3 3

B _35 35 3. 3
20 4-5 4 5 4 4

Note how we essentially ‘take out’ the fraction g which is really just the number one.

To rationalize the denominator of a fraction we instead ‘put in' an extra fraction that is
really equal to one. When considering square roots the fraction to be used is the root in the

) ) , ) ) 5
denominator over itself. Let's demonstrate with the fraction —=:

V3
5 _ 5 V3 _5/3 53

V3 V3 V3 V93

.. 10z . 2z : .
If we have an expression like —— we can reduce it to 3 We do something similar when

rationalizing the denominator, as shown in the next example.

15
o Example 9.2(a): Rationalize the denominator: —.

V6
1523_@:15%:155%:5\/6

Solution: e

V6 V6 V6 V36 B 2

2

Sometimes there will be a root in the numerator as well, and we might have to simplify a square
root, as shown in the next example.

2
o Example 9.2(b): Rationalize the denominator: ﬂ

V10

3&_3&_@_3@_3@%_%\/5_6\/5_3\/5
V0 V10 vi0o Jioo 10 x4 10 5

5

Solution:
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Occasionally we run into numbers like m This of course has a square root in the
+

denominator, so we need to rationalize the denominator. If we multiply both the numerator and
denominator by v/2 the denominator will become 3v/2 + 2, so there will still be a root in the
denominator. The trick here is to multiply both the numerator and denominator by 3 — /2,
which we call the conjugate of 3 + /2.

o Example 9.2(c): Rationalize the denominator of

5

+v2

5 5 3-V2 15— 5v/2 _15-5V2
34v2 3+v2 3-v2 9-3v2+3v2-Vv2v2 T

Solution:

NOTE: If the denominator in the above example had been 7 — 3v/2, we would have multiplied
the numerator and denominator each by 7 + 3v/2.

Section 9.2 Exercises To Solutions

1. Rationalize each denominator, and don't forget to reduce and/or simplify.

5 10 2 12
) % T O 1 9 7
3v2 V3
(©) V6 () 7T+V3

2. Consider the functions f(x) = 3 — z and g(z) = 2* — 3x.
(a) Find f[g(3)] without actually finding (f o g)(x).
(b) Find (f o g)(x).

(c) Use your answer to (b) to find (f o g)(3). It should give the same result as you got
for (a) - if not, check your work.

(d) Find (go f)(x).

3. Graph each of the following functions.

8

() g()=2+1 () 1= =3

4. Find each of the following, if possible. If not, write DNE for “does not exist.” Use the facts

that an = Va and an = (a)" = Jam.

(a) 473 (b) 9% (c) —25° (d) (=1):
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9.3 Complex Numbers and Their Arithmetic

9. (c) Add, subtract and multiply complex numbers.
(d) Divide complex numbers numbers.

(e) Simplify square roots of negative numbers.

Consider trying to solve the equation 2% — 4x + 13 = 0. The first thing that one would
be inclined to try is to factor the left side, but that won't go anywhere. Next we might try the
quadratic formula:

_ (A V(AP 41)(13) _ 4+VI6-52 4+ v=36

T = .

2(1) 2 2

But since +/—36 is undefined, we can't solve the equation using the quadratic formula. The
equation therefore has no solution.

At one point in the past this was not satisfactory to everyone, so some people tried to find
a way around the problem here. In doing so, they invented a ‘number’ ¢ that has the special
property that > = —1. Now we know that any number like the kind we are used to (what are
called real numbers) gives a number greater than or equal to zero when squared. Therefore this
thing ¢ is not a real number.

A number made up of a real number times 4, like 3¢, — 51, %z or even iy/2 is called
an imaginary number. A real number plus or minus an imaginary number, like 24 3:i, — 7+
3i, T—1vb or % — %z is called a complex number. Note that it is customary to put the real
number first, then the imaginary number. We sometimes refer to this as a + br form.

We can add, subtract or multiply complex numbers by simply treating ¢ as we would =x:

o Example 9.3(a): Combine like terms: 3 — 5i — 2 + 7i + 6.

Solution: 3—5i—24T7+6=(3—-2+4+6)+(=bi+7i)=T7+2i

o | Example 9.3(b):  Subtract (2 —6i) — (4 — 3i).

Solution: (2—6i)—(4—3i)=2—6i—4+3i=-2—3i

When multiplying complex numbers we again treat i as we would x, but replace i? with
—1 everywhere that it occurs. The following examples demonstrate this.

o Example 9.3(c): Multiply (57)(1 — 34).

Solution:
(50)(1 — 3i) = (5)(1) — (5i)(3¢) = 5i — 15i% = 5i — 15(—1) = 5i + 15 = 15+ 5i

Note that the answer was put in the standard form «a + bi - you should always do this.
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o |Example 9.3(d): Multiply (—3+ 5)(2 — i).

Solution: (=3 +5i)(2—i) = -6+ 3i+10i — 5i® = =6+ 13i +5 = —1 4 13

The next example shows that when we multiply two complex numbers the result is not necessarily
a complex number.

o | Example 9.3(e): | Multiply (5 —24)(5 + 2i).

Solution: (5 — 2i)(5 + 2i) = 25 4 10i — 10i — 4i®> = 25 — 4(—1) = 25 + 4 = 29

The two numbers 5 —2i and 5+ 2:¢ are called complex conjugates. Computations like
the one in this last example are important when dividing complex numbers, as the next example
shows.

o | Example 9.3(f): Divide 4+ 3i by 5—2i, giving your answer in a + bi form.

Solution: The key here is to write the division as a fraction, and multiply the fraction by
one, in the form of the complex conjugate of the denominator over itself:

4+3i 4430 5+ 2 20 + 8i + 15¢ + 6i* 14 +230 0, o,

52 5-205+2 25+10i—10i 42 29 2 o'

(4+30)+(5—2i) =

Now think about this: /4 = 2 because 22 = 4, /9 = 3 because 32 =19. So since
i? = —1, it must be the case that \/—1 = i. This allows us to take square roots of negative

numbers. We do this in the same way that we simplify square roots of positive numbers, using
the fact that v/a-b = /a-+/b. Here are some examples:

o | Example 9.3(g): Simplify /—16, allowing complex numbers.

Solution: V=16 = \/(16)(—1) = V16v/—1 = 4i

o | Example 9.3(h): Simplify /—18, allowing complex numbers.

Solution: V=16 = (9)(-1)(2) = VOV—1V2 = 3iv2

As shown here, it is customary to write the number, then the i, then the square root.
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Section 9.3 Exercises To Solutions

1. Add, subtract or just combine like terms as directed.

(a) (7+10i) — (3 — 8i) (b) 3i+(5—1i)

(€) (1+14)—(1—1i) (d) (2= 3i)+ (=5 + 13i)

2. Multiply and simplify each of the following. Give your answers in the form a + bi, where
either of a or b might be negative.

(a) (34)(5i) (b) (=2)(73) (c) 3(67)
(d) 3(5 — 2i) (e) 2i(4—1) (f) (7 +i)(2+ 5i)
(g) (a+bi)(a— bi) (h) (94 159)(2 —4) (i) (c+ di)?

3. Divide each, giving your answers in a + bi form.

(a) 3= (2+ 5i0) (b) (1+1) =+ (6— 30)
(€) (2+5i) =+ (3 + 2i) (d) (c+di) =+ (c — di)

4. Simplify each of the following, allowing complex numbers.

(@) V=25 (b) v-24 (c) —V8
(d) /=100 (e) V=75 (f) —v64

5. For each of the following quadratic equations, first determine whether its graph will be a
parabola opening upward or opening downward. Then find the coordinates of the vertex.

6. Rationalize each denominator, and don't forget to reduce and/or simplify.

3v/2 2++5
(a) Vi (b) Y
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9.4 Solving Quadratic Equations, Again

9. (f) Solve quadratic equations with complex solutions.

We now return to the equation 22 — 4z + 13 = 0. When we first looked at it, it appeared
that it had no solution. But

(2+4+3i)> =44 6i +6i +9i* =4+ 12i — 9 = —5 + 124,
so if we then substitute = =2+ 3i into 2% — 42 + 13 we get
(2+3i) —4(2+3i) +13=—-5+12i —8 —12i + 13 = 0.

This shows that 2+ 3i is a solution to 22 —4x + 13 = 0! Two questions should occur to you
at this point:

1) How do we get that solution?

2) What is the other solution, if there is one?

To answer the first question above, recall the following:

Quadratic Formula

b+ b2 -4
The solutions to ax? + bz +c¢ = 0 are obtained from z = 5 ac .
a

Let's see what happens when we try using the quadratic formula to solve z? — 4z 4 13 = 0:

L) E VAP AI)(3) 4 VIG5 4+ V36
- 2(1) - 2 T

At this point we conclude that there is no solution if we are restricting ourselves to the real
numbers, which we often do. However, if we allow complex numbers we can continue to get

— 4+ —1 ) '
x:4j:\2/ 36 _ (;%6)( ):4261231%:21&

Thus the equation has the two solutions, 2+ 3¢ and 2—3:. We call two complex numbers like
this complex conjugates. In Exercise 2(g) of the previous section you showed that when we
multiply complex conjugates together the result is always a real number. That is one important
thing about complex conjugates.

Another important thing about complex conjugates is that what happened when solving the
equation 22 —4x+13 = 0 was not a fluke; when solving a quadratic equation that has complex
solutions, the two solutions will always be complex conjugates.
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o  Example 9.4(a): Solve z?+ 16 = 6z, allowing complex solutions.

+v-2
2 _
- —6xr+16=0 x_GiQi\/?
__ ~(=6) % O A0(0) :
- 9 6 207
6+ /36064
=5 r=3+iV7, 3—iVT

o  Example 9.4(b): | Solve 4z? — 20z + 27 =0, allowing complex solutions.

—20) £ /(- 4(4)(27) 20 =+ 4i\/2
r = r = ——
2(4) 8
20 + /400 — 432 20 N 4i\/2
xXr == x — —
8 8 8
) 20 + +/—32 5 ﬂ
e €T — J— JR—
8 2 9 '
_ V2 V2
v = § i §- g

Section 9.4 Exercises To Solutions

1. Solve each of the following quadratic equations, allowing complex solutions.

(a) 2> + 13 = —6z (b) 2% + 10z + 26 = 0 (c)2*+2=6
(d) 22 +4=0 (e) 22 +5 =2z (f) 2> + 142 +53=0
-1
2. Give the domains of f(z) =+3—2 and g(z) = m

3. Rationalize each denominator, reduce and/or simplify your answer when possible.

15 5+43

4. Add, subtract or just combine like terms as directed.

()

(a) (4—7i)— (—23—175) (b) 9+ 6i—6i—7
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5. Multiply and simplify each of the following. Give your answers in the form a + bi, where
either of a or b might be negative.

(a) (2+3i)? (b) (4 —3i)(4+ 3i) (c) (—2+3i)(5b—4i)
6. Simplify each square root, allowing complex numbers.

(@ v=9 (b) v-18 (c) —V16
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A Solutions to Exercises

A.9 Chapter 9 Solutions

Section 9.1 Solutions | Back to 9.1 Exercises |
1. (a) 2 (b) 10 (c) —2 (d) DNE
2. (a) — (b) 9 (c) DNE (d) 2
3. (a) All real numbers except 7. (b) All real numbers.
(c) All real numbers except 3.
4. (a) downward, (—1,-2) (b) upward, (—3,9)
Section 9.2 Solutions | Back to 9.2 Exercises |
BAVAS 2¢/15 1 )
L@ 2 (o) 200 © (@) 4v3
6 3 2
3+7v3
(©) V3 ) IV
46
2. (a) flsB3)]=3 (b) (fog)(w)=3+3z—x () (fog)3)=3
(d) (g0 f)(x) = 2* — 32
Y )
3. (a) ! / (b) 7 '
|
|
|
t A > T — ! x
-5 5 : 5
:
|
51 514
4. (a) = (b) 27 (c) —125 (d) -1
Section 9.3 Solutions | Back to 9.3 Exercises |
1. (a) 4+ 18i (b) 5+ 2i () 2i (d) —3 + 10
2. (a) =15 (b) 14 (c) 18i (d) 15 — 6 (e) 2 + 8i
(F)9+37  (g) a®+b? (h) 33 + 21i (i) (2 — d?) + 2cdi
_ _ A —d? 2cd .
3' (a) %_‘_;_SZ (b) 1%5_‘_1_35Z (C) %+%Z C2—|—d2+02+dzl
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4. (a) 5
-8

(b) 2iv/6 (c) —2v2

5. (a) downward, (5,4)
—9—4V5

(b) upward, (—1,—5)

Section 9.4 Solutions | Back to 9.4 Exercises |

1. () z=-3+2 v=—3—2i
(c)x=2, v =-3

()z=3+3i, =42

][]

(d) 10i (e) 5iv/3 (f)
6. 22 )

(d) =26, o = —2i

—T+2, x=—-T—2

2. The domain of f is (—00,3] or x <3, and the domainof g is = # —2,5

3. (a) %? (b) 19+ 73 4. (a) 27+ 10 (b) 2
5. (a) —5+12i  (b) 25  (c) 2+23i 6. (a) 3. (b) 3iv2  (c) —4
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