5.2 Actions of Matrices on Vectors

Performance Criteria:

5. (d) Multiply a matrix times a vector.

(e) Give the identity matrix (for a given dimensional space) and its effect when
a vector is multiplied by it.

In Section 6.1 we will find out how to multiply a matrix times another matrix but, for now we’ll multiply
only matrices times vectors. This is not to say that doing so is a minor step on the way to learning to multiply
matrices; multiplying a matrix times a vector is in some sense THF foundational operation of linear algebra.

Before getting into how to do this, we need to devise a useful notation. Consider the matrix

aix - QAin

a21 o a2n
A =

Gm1 e Amn

Each column of A, taken by itself, is a vector. We'll refer to the first column as the vector a,;, with the
asterisk * indicating that the row index will range through all values, and the 1 indicating that the values
all come out of column one. Of course a,s denotes the second column, and so on. Similarly, a;, will denote
the first row, ai, the second row, etc. Technically speaking, the rows are not vectors, but we’ll call them row
vectors and we’ll call the columns column vectors. If we use just the word vector, we will mean a column
vector.

-5 3 4 -1
o Example 5.2(a): Give as. and a,3 for the matrix A= 7T 5 2 4
2 -1 -6 0

a2*=[7 5 2 4} and a.,3 = 2 o

DEFINITION 5.2.1: Matrix Times a Vector

An m xn matrix A can be multiplied times a vector x with n components. The
result is a vector with m components, the ith component being the dot product of the
ith row of A with x, as shown below.

ai; -+ Qlp T ai1ry + -+ a1pTn alx - X
a1+ Q2q T2 (2171 + -+ - + A2py agy - X
Aml *° Qmn Tn Am1T1 + -+ AmnTn Amx * X
3 0 -1 2
o Example 5.2(b): Multiply -5 2 4 1
1 —6 0 -7
3 0 -1 2 (3)(2) + (0)(1) + (—=1)(—=7) 13
-5 2 4 1= D))+ +@)(=7) [ =1 —36 '
1 —6 —7 (1)(2) + (=6)(1) + (0)(=7) —4



There is no need for the matrix multiplying a vector to be square, but when it is not, the resulting vector is not
the same length as the original vector:

3
7T -4 2
o Example 5.2(c): Multiply [ L o0 6 ] -5
1
3

[ 7 —4 21 . _[(7)(3)+(—4)(—5)+(2)(1)]_[431 N

-1 0 6
1

Although the above defines a matrix times a vector in a purely computational sense, it is best to think of a
matrix as acting on a vector to create a new vector. One might also think of this as a matrix transforming a
vector into another vector. In general, when a matrix acts on a vector the resulting vector will have a different
direction and length than the original vector. There are a few notable exceptions to this:

e The matrix that acts on a vector without actually changing it at all is called the identity matrix. Clearly,
then, when the identity matrix acts on a vector, neither the direction or magnitude is changed.

e A matrix that rotates every vector in R? through a fixed angle 6 is called a rotation matrix. In this
case the direction changes, but not the magnitude. (Of course the direction doesn’t change if 6 = 0° and,
in some sense, if 0 = 180°. In the second case, even though the direction is opposite, the resulting vector
is still just a scalar multiple of the original.)

e For most matrices there are certain vectors, called eigenvectors whose directions don’t change (other
than perhaps reversing) when acted on by by the matrix under consideration. In those cases, the effect of
multiplying such a vector by the matrix is the same as multiplying the vector by a scalar. This has very
useful applications.

Multiplication of vectors by matrices has the following important properties, which are easily verified.

DEFINITION 5.2.2

Let A and B be matrices, x and y be vectors, and ¢ be any scalar. Assuming
that all the indicated operations below are defined (possible), then

(a) A(x+y)=Ax+ Ay (b) A(cx) = ¢(Ax)

(b) (A+ B)x = Ax+ Bx

We now come to a very important idea that depends on the first two properties above. When we act on a
mathematical object with another object, the object doing the “acting on” is often called an operator. Some
operators you are familiar with are the derivative operator and the antiderivative operator (indefinite integral),
which act on functions to create other functions. Note that the derivative operator has the following two
properties, for any functions f and ¢ and real number c:

Lt =T ep)=c

x der  dz dx dx

These are the same as the first two properties for multiplication of a vector by a matrix. A matrix can be thought
of as an operator that operates on vectors by multiplying them. The first two properties of multiplication of a
vector by a matrix, as well as the corresponding properties of the derivative, are called the linearity properties.
Both the derivative operator and matrix multiplication operator are then called linear operators. This is why
this subject is called linear algebra!
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There is another way to compute a matrix times a vector. It is not as efficient to do by hand as what we
have been doing so far, but it will be very important conceptually quite soon. Using our earlier definition of a
matrix A times a vector x, we see that

1171 + -+ + A1py a11T1 a21T2 ] A1nTn
2121 + + -+ + a2nTp a1 222 A2n Ty
Am1T1 + -+ AmnTn Am1T1 Am2T2 AmnTn
ail a1 ] A1n
azy a2 azn

=T1 . + X2 : +ootan
Am1 Am2 Amn

= Z18x1 + T2as2 + +++ + TpAsn

Let’s think about what the above shows. It gives us the result below, which is illustrated in Examples 5.2(d)
and (e).

Linear Combination Form of a Matrix Times a Vector

The product of a matrix A and a vector x is a linear combination of the columns of
A, with the scalars being the corresponding components of x.

- 3
7T -4 2
o Example 5.2(d): Give the linear combination form of L0 6 ] =5
- 1
3 B}
7T -4 2 7 —4 2
-5 |=3 -5 +1 L
-1 0 6 -1 0 6
1 .
i 1 3 - X1
o Example 5.2(e): Give the linear combination form of 3 7 1 T
2 1 7|
1 3 =2 1 1 3 -2
3 7 1 T2 =1 3 + X2 7| +x3 1 '
-2 1 7 3 -2 1
Section 5.2 Exercises
1 0 -1 ) -1
L. Multiply | -3 1 2 —-1 | and [ _‘I’ _g (1) } 5
4 7 =2 2 2
. . X1 3%1 — 5%2
2. Find a matrix A such that A = .
X2 xr1 + X9

3. Give the 3 x 3 identity matrix I. For any vector x, Ix =
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