6.2 More Multiplying Matrices

Performance Criteria:

6. (c) Multiply two matrices “by hand” using all three of the linear combination of
columns, outer product, and linear combination of rows methods.

Recall the following notation from the previous section: Given a matrix

air a2 - QAip

a21 a22 te a2n
A= ,

aml Am2 - Amn

we refer to, for example the third row as As.. Here the first subscript 3 indicates that we are considering the
third row, and the =* indicates that we are taking the elements from the third row in all columns. Therefore
Az, refers to a 1 x n matrix. Similarly, a,s is the vector that is the second column of A. So we have

ai2

a22
Az, =[ as1 asx -+ as, | a,o =

a2m,

Using this notation, if we are multiplying the m x n matrix A times the n x p matrix B and AB = C,
the c¢;; entry of C is obtained by the product A;.b.;.

In some sense the product A;.b,; is performed as a dot product. Another name for the dot product is
inner product and this method of multiplying two matrices we will call the inner product method. We will
take it to be the the definition of the product of two matrices.

DEFINITION 6.2.1: Matrix Multiplication, Inner Product Method

Let A and B be m xn and n X p matrices respectively. We define the product
AB to be the m x p matrix C' whose (i,j) entry is given by

Cij = Aixbsj,

where A;. and b,; are as defined above. That is, each element ¢;; of C is the
product of the ith row of A times the jth column of B.

o Example 6.2(a): For the matrices A = [ _g _; ] and B = { g _;l ], find C = AB by the inner
product method.
Here the matrix C will also be 2 x 2, with
e = [3 —1] {S}:18+(—7):11, Cla = [3 -1] { _;L ] —12+2=14,
o1 = [-2 5] { g ] = 12435 = 23, Co2 = [-2 5] { _;L ] =8+ (~10) = —18,

SO

o C11 C12 . 11 14
C_|:(321 022]_[23 —18} 4



We will now see three other methods for multiplying matrices. All three are perhaps more complicated than
the above, but their value is not in computation of matrix products but rather in giving us conceptual tools that
are useful when examining certain ideas in the subject of linear algebra. The first of these other methods uses
the ever so important idea of linear combinations.

THEOREM 6.2.2: Matrix Multiplication, Linear Combination of Columns
Method

Let A and B be mxn and m X p matrices respectively. The product C = AB is
the matrix for which

Cxj = brjasy + bgjass + bzjaws + - + bpjasn

That is, the jth column c.; of C' is the linear combination of all the columns of A,
using the entries of the jth column of B as the scalars.

6

o Example 6.2(b): For the matrices A = .

3 _1] and B:{

4
_9 5 _2], find C = AB by the

linear combination of columns method.

Again C' will also be 2 x 2, with

o[ B[ 3]-[B] e[ 2] 3]

so
11 14
C— [c*l Cx2 ‘| —|:23 —18:| ‘
—6 3
Suppose that we have two vectors u = 1 and v=| —5 |. Now we see that u” = [ -6 1 4 ],
4 2

which is a 1 x 3 matrix. Thinking of the vector v asa 3 x 1 matrix, we can use the inner product definition
of matrix multiplication to get

[-6 1 4] 3
ulv —g =(-6)3)+ (1)(-5)+4)(2)=-15=u-v.

As mentioned previously this is sometimes also called the inner product of u and v.
We can consider instead u as a 3 x 1 matrix and v asa 1 x 3 matrix and look at the product uv?’.
This is then a 3 x 3 matrix given by

-6 1[3 =5 2] (—6)(3) (=6)(—=5) (—6)(2) —-18 30 —12
uv’ = 1 = MEB) @O ME) |=] 3 -5 2
4 4)(3) @(=5)  (4)?2) 12 —-20 8

This last result is called the outer product of u and v, and is used in our next method for multiplying two
matrices.
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THEOREM 6.2.3: Matrix Multiplication, Outer Product Method

Let A and B be mxn and m X p matrices respectively. The product C'= AB is
the matrix
C == a*lBl* + a*2B2* + 3*333* + e + a*an*

That is, C is the m X p matrix given by the sum of all the m x p outer product
matrices obtained from multiplying each column of A times the corresponding row of

B.

3 -1

_9 5 6 4 ], find C = AB by the outer

o Example 6.2(c): For the matrices A = { 7 _g

} and B = [
product method.

)

18 12 72 114
{—12 —8}+[35 —10]_[23 —18} .

C=a*131*+a*232*:{_3}[6 4] +[_1}[7 —2] _

THEOREM 6.2.4: Matrix Multiplication, Linear Combination of Rows Method

Let A and B be mxn and m X p matrices respectively. The product C'= AB is
the matrix for which

Cix = a1 B1j + aipBaj + a3 Bsj + -+ - + ain Bnj.

That is, the ith row Cj. of C is the linear combination of all the rows of B, using
the entries of the ith row of A as the scalars.

6

o Example 6.2(d): For the matrices A = 7

3 -1
_9 5]andB—{

_;‘] find C = AB by the

linear combination of rows method.
By the above theorem we have
Cr.=3[6 4]+(-1)[7 —2]=[18 12]+[-7 2]=[11 14]

o Coo=-2[6 4]+5[7 —2]=[-12 -8]+[3 —-10]=[23 —18]

SO .
o]l [11 14
o=l ]=ln el o
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Section 6.2 Exercises

1. Let

(a)

2. Let

(a)

(b)

()

-5 1 -2 1 2 -1
A= 7 0 4 and B=| -3 -7 0
2 -3 6 5 2 3

Find the second column of C' = AB, using the linear combination of columns method, showing clearly
the linear combination used and the resulting column. Label the result using the correct notation for
the column of a matrix, as described at the beginning of the section.

Find the product C = AB, showing the sum of outer products, the sum of resulting matrices, and
the final result.

Find the third row of C = AB, using the linear combination of rows method, showing clearly the
linear combination used and the resulting column. Label the result using the correct notation for the
row of a matrix, as described at the beginning of the section.

-5 1
C= 0 4 and Dz{; ;]
2 -3

Find the product A = CD, using the linear combination of rows method. Show clearly how each
row of A is obtained, labeling each using the correct notation. Then give the final result A.

Find the product A = CD, using the linear combination of columns method. Show clearly how each
column of A is obtained, labeling each using the correct notation. Then give the final result A.

Find the product A = CD using the outer product method.
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